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Projective space

in the spirit of Klein’s Erlanger Programm

by Kelly McKennon at Pullman

Projective space is a medium wherein parallel lines intersect and where there is a perfect duality between
minimal and maximal subspaces. There, the infinite exists, and there one can perceive how the infinite
affects behavior in the finite. Seeming anomolies, when regarded from the perspective of euclidian space,
will sometimes disappear in projective space.

An intuitive way to define a projective space is to take an affine space and, for each maximal family
of mutually parallel lines, attach a point “at infinity” through which these lines intersect. The locus of all
these new points forms a maximal proper subspace of the projective space.

A shortcoming of this approach is that it presents the subspace of points “at infinity” as more special
than it really is. Another shortcoming is that in this setting it is somewhat awkward to describe the
“projective group” of permutations of the projective space.

The most common definition, called the “analytic approach”, and by many considered to be the most
elegant, does not single out any hyperplane. In this definition one considers a linear space L one dimension
greater than that of the projective space: the projective space P is defined as the set of all lines through the
origin of this linear space. If 7 is any linear isomorphism of L, and if L is any line through the origin of L,
then the set {7 (x):x€L} is also a line through the origin: thus 7 corresponds to a permutation of P . These
permutations are said to me the “homographies” of P, and they make up the “projective group” of P.!

While smooth — and technically correct — this method requires one to think of a point in the projective
space as a line in another space, which some find somewhat cumbersome. Furthermore it involves the concepts
of “linear space” and “field”, which in some sense are more specialized than the concept of “projective space”,
and so are, as part of the definition, in some sense superfluous, .

A third definition, known as the “synthetic” approach, is to begin with a family of subsets of a set,
known as “lines”, and to assign to these lines certain requirements.

An advantage of this method is that it provides a geometric perspective which agrees with natural
observation.?2 A disadvantage is that the cases of one and two dimensions must be handled separately.

In 1872 the celebrated mathematician Felix Klein, then a young man working at the University of
Erlangen-Niirnberg, suggested that various types of geometries at that time under investigation could be
organized with reference to the specific groups of permutations which preserved their characteristic struc-
tures.® This idea had considerable influence on subsequent mathematics and became known as the “Erlanger
Programm”. At the time, Klein felt that the groups associated with the majority of important geometries
then under consideration were subgroups of the group of homographies of projective space.

In the present paper we develop projective spaces exploiting Klein’s approach: we consider a set P on
which a group P of permutations acts, and present a short list of postulates necessary and sufficient for P
to be a projective group of permutations of P .

This is often done using “homogeneous coordinates” to describe the lines through the origin, which facilitates
the use of matrices: see [3] in the bibliography.

2 See [2] in the bibliography.

3 See [1] in the bibliography.



Section 1. Projective Space

(1.1) Special Notation and Terminology A singleton is a set with precisely one element, a
doubleton a set with precisely two elements, etc.
An element of a set S will be said to be in S, but a subset of S will be said to be within S. Thus an
element s of S is in S but the singleton {s} is within S.
The notation

shall mean that “x is defined to be y”.
For two sets A and B within a third set C, we adopt the symmetric difference notation
AAB = {x€(AUB): x¢(ANB)}.
In particular, if B is within A, then AAB is the set complement of B within A .
We shall attempt to distinguish functions by coloring them in blue and arguments of functions by
enclosing them in orange parentheses. We shall indicate the definitions of new terms in green.
The notation

#|D3x—E(x) €R

shall mean that ¢ is a function with domain D and range R which takes an element x of D to an element
of R of which the construction is indicated by an expression E(x]. Of course ¢ is a set of ordered pairs so,
if N denotes the set of natural numbers, the expression

¢|N3X<—>2X26N,
just signifies that
¢ =1{01,2],(2,8],(3,18], ... }.

We shall employ the universal quantifier V and the existential quantifier 3 freely in displays. For
instance

(VneN: (3meN: n = m?)) n is not prime.

is read as “for each positive integer n for which there exists a positive integer m such that m? equals n, n is
not prime.”

(1.2) Definitions Let P be a non-void set and P a non-void group of permutations of P. If P is
a singleton, then P is a singleton as well, and we shall speak of a trivial projective spaceand a trivial
projective group.
Suppose that P has at least two distinct elements. For any doubleton {a,b} within P and any element
x of P, we shall say that x is P-aligned with a and b provided that, whenever m€P interchanges a and b,
then

Fye(PA{x}) {xy}={rlx),7(y}. (1)

We note that 1 holds, either if 7 interchanges x and y, or if 7 fixes both x and y. We shall denote the set
of all elements of P which are P-aligned with a and b by

—

a,b

and say that the aﬁg is trivial if it consists only of the doubleton {a,b}.
A subset S of P will be said to be coaligned if, for each doubleton {a,b}CS,

abcCs. 2)



The intersection of all coaligned supersets of a subset S of P is itself coaligned, and will be called the span
of S: we shall denote it by

: (3)

A subset S of P will be said to be independent if

(Vses) sg. (4)

A non-independent set is said to be dependent.
A fundamental representative of a dependent set F is an element a of F such that

(VbeF) aez. (5)

When a dependent set has a fundamental representative, it itself will be said to be fundamental.
We shall say that an element ¢ of P is organic on a subset S of P provided that, whenever &P
agrees with ¢ on S, then they agree on as well.

(1.3) Projective Space Let P be a non-trivial set with a non-trivial group P of permutations of
P . We shall say that P is a projective space and P a projective group if the following two axioms hold:

(Alignment Axiom) (V{a,b} CP a doubleton) aT) is non-trivial and coaligned; (1)

and, for any bijection # from one fundamental set F onto another fundamental set,

(Fundamental Axiom) (3¢ €P organic on F) ¢|F =40. (2)

The elements of a projective group are said to be homographies.

When there is an upper bound to the cardinalities of fundamental subsets of a projective space, then
the space is said to be finite dimensional and the dimension is two less than the least upper bound of
said cardinalities.

A projective space of dimension 1 will be called here a meridian. The usual term is “projective line”.
However we wish in this presentation to distinguish between lines of a linear space and meridians. We treat
meridians specifically in Section (2) infra.

A projective subspace T of a projective space P with projective group P is a subset of P equal to
the span of itself. The induced projective group of a subspace T is just the set

{¢l.: p€P and (VteT) ¢(t)€T}. (3)

Any subspace of dimension 1with its induced projective group, constitutes a projective space in its own
right: it is a meridian.

(1.4) Heuristics  We first examine the “analytical” definition of a classical projective space of
dimension n and show that it satisfies the axioms of (1.3). One begins with a linear space L of dimension
n+1 over a field F and considers the family £ of all lines through the origin o of L. We shall use - for the
multiplicative operator in F and e for scalar multiplication. If A is a linear automorphism of L, we define

N|£sA—{Ax): xeA}el.
To obtain a “line” in L, we take a two dimensional linear subspace B of L and consider
N={AeLl: ACB}.

Let {m,n} be a doubleton of B such that the origin o is not in the line N determined by m and n. Then N
is just {xem+n: x€F}. For x€(LA{o}) we shall denote the line through o and x by X .
The most general linear automorphism of B is

4 Such a subset is also known as a frame.



Boxem+yen— (a-x+b-y)em+(cx+d-y)enecB

where {a,b,c,d} is a subset of F such that a-d #b-c. It follows that the most general projective automorphism
of Nis ¢ where

¢(M) = asm+ben
and, for x€F,

¢(xem+n) = (a-x+b)em+(c-x+d)en.

A necessary and sufficient condition for ¢ to interchange the lines i and 1 is for both a and d to be
0. In this case we have for non-zero x,

>
 —
. b

¢(xem+n) = bem+(cx)en = (gx)em-+n.

Composing ¢ with itself, we obtain

pogp(xem+n) = ¢ ( b Jem+n) = b-m—i—(ocbx)-n = Xem-+n

Cc-X

so ¢ is self-inverse. If % has a square root r, then rem+n and —rem+n are the only fixed points for ¢: if
% has no square roots, ¢ has no fixed points.

> —
Referring back to 1.2.1, we can take y to be bem+c-xen when x#rem+n and take y to be —rem+n
when x=rem+n .
If p is an element of L not in the plane B, then it is not difficult to find a linear isomorphism X\ of
L such that )" interchanges I and I but N o) (P ) #p . This suggests the alignment axiom (1.3.1) and
actually shows that the alignment axiom (1.3.1) holds for the “analytic” definition of a projective space.
That the fundamental axiom (1.3.2) holds, is what is known as the fundamental theorem of pro-
jective geometry.

We shall show infra that the converse holds: that a projective space as defined in (1.3) is a projective
space defined in a classical way, over a field of characteristic differing from 2.

(1.5) Theorem I  Let P be a projective group of permutations on a projective space P . Let {a,b}
be a doubleton within P and let ¢ be an element of P. Then

{6(x): x€ab} = dla), (b . (1)
Proof: Let x be any element of 37) . By definition 1.2.1
(VoeP: fla)=b and 0(b)=a)Fyec(PA{x})) {xy}={0x),0(y)}. (2)

Let p be any element of P which interchanges ¢(a) and ¢(b). Then ¢ 'opo¢ interchanges a and b. It
follows from 2 that there exists y € (PA{x}) such that

{xy} = {¢7opog(x), ¢ opodly)}.
and so

{o(x),0(y)} ={plo(x)),ploly))}.
—
Consequently ¢ (x) is in ¢(a),¢(b) . We have shown that

{6(x):xeab} C plal,o(b) . (3)

—
Let u be any element of ¢(a),¢(b) . By the definition 1.2.1 there exists v in P such that, for each 6
which interchanges ¢(a) and ¢(b) ,



{uv} = {0(w).0(v)}. (4)
Let v be any element of P which interchanges a and b. We have

poyop~t(gla)) = ¢(b) and poyop~!(g(b)) = pla)
and so it follows from 4 that there exists v in P such that
{uv} = {poyog~! (u), poyod~! (v]}. (5)

Let z be the element of P such that ¢(z) =v and let w be the element of P such that ¢ (w) =u.. We have

{wz} ={o7" (u) o7 (v} 22 {67 (poyod ™! (u) ), 67 (poyod ™! (v) )} = {v(w),v(z)}.
We have shown that the inequality reverse to that in 3 holds, which establishes 1. Q.E.D.

We now look at the structure of a projective space and how it may be built from a fundamental set.

(1.6) Definitions and Notation The facade generated by an independent subset S of a
projective space is the union of the spans of the proper subsets of S. The span of a maximal proper subset
of S will be said to be a face of the facade. The S-interior of the span of S is the complement in of
the facade of S. We shall denote it by®

S (1)

As a simple but important example, we note that for any doubleton {a,b} with P,

{a,b} = (a,bA{a,b}). 2)

(1.7) Corollary I Let ¢ be an element of the projective group of permutations on a projective space.
Then ¢ preserves coaligned sets, spans of sets, independent sets, dependent sets, facades, faces, fundamental
sets and S-interiors.

Proof: Follows directly from Theorem I (1.5).

(1.8) Theorem II  Let P be a projective group of permutations on a projective space P. Let 1 be
an independent subset of P of cardinality exceeding one. Then

(Vpe(PALL])) {p}UI is independent. (1)

Proof: Assume that 1 did not hold for some independent set I. Then there were an element p of (PA)
such that {p}UT were dependent. The element p not being in , there would exist q in I such that

a€ |{ptu(IA{q})|- (2)

The element p is evidently a fundamental member of the dependent set ({p}UI). It follows from the
fundamental axiom (1.3.2) that there would exist ¢ in F such that ¢(q) =p, ¢(p) =q and ¢(x) =x for
all x in IA{q}. We would have

{o(x) : xe[{pyuIa{a)) |} 2L [{op) JuIa{ah)] =1 (3)

From 2 we know that ¢(q) would be in the set on the left side of 3. But ¢(q) is just p, and p could not be
in the right side of 3: an absurdity. Q.E.D.

We emphasize that the term S-interior S as defined here is dependent not only on the span , but also
on the set S from which it is derived. Furthermore it is not a subset of S — it has void intersection with S.
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(1.9) Theorem IIT Let F be a fundamental subset of a projective space P . Then

every element of F is a fundamental representative of F (1)

and
each mazimal proper subset of F is independent. (2)

Proof: Let ¢ be a fundamental representative of F and let a be any other element of F. It follows from
the fundamental axiom (1.3.2) that there exists ¢ €P such that ¢(a) =c, ¢(c) =a and ¢(x) =x for all x
in (FA{a,c}). If there were an element b of F such that a were in (FA{a,b}), it follows from (1.7) that ¢
would be in (FA{c,¢(b)}), with ¢(b) also being an element of F . That would be absurd, which implies that
¢ must be a fundamental representative of F . This establishes 1.

Let G is any maximal proper subset of F. If G were dependent, then there would be an element b of G
such that b were in . If s is the element of the singleton (FAG), then b would be in (FA{s,b}),

whence would follow that b could not be a representative element of F . It would follow from (1) that F could
not be fundamental: an absurdity. Q.E.D.

(1.10) Lemma Let 1 be a independent subset of a projective space such that the cardinality of 1 is
at least 2. Then

I is non-void. (1)

Furthermore, if the cardinality of 1 is at least 3, a is an element of 1 and ¢ is any point of ([I]A{a}),
then

(Efé N ) is non-void. (2)

Proof: If the cardinality of Iis 2, then 1 holds as a result of the alignment axiom (1.3.1). We shall proceed
by induction and suppose that n is a positive integer at least 3 and that 1 and 2 have been verified for all
independent sets of cardinality less than n. It follows from our induction hypothesis that there exists an
element e of (IA{a})n. Let d be any element of {a,e}n. Evidently (TU{d}) is dependent. Assume that d
were not a fundamental element of (IU{d}). Then there would exist an element b of I such that d would
be in |(IU {d})A{d,b}| . If b were a, then d would be in and since e is in , a would be as well,
which would be absurd. If follows that d would be in the span of a proper subset of (IA{a}). Since e is in
, it would follow that a would be as well, which would violate the independence of I. It follows that

d is a fundamental element of (TU{d}). (3)

This also establishes (2) because if d were not in the I-interior of the span of I, then it could not be a
fundamental element of (IU{d}).

Let ¢ be any element of ([T]A{a}). Evidently (IU{c}) is a dependent set. If (2) did not hold for ¢, we
assert that

¢ would be a fundamental element of (IU{c}). (4)

If not, there would exist an element b of I distinct from a such that ¢ would be in | (Tu{c})Ar{c,b} | = |IA{b} | .
But then by the induction hypothesis, &,¢ would have to intersect IA{b}|: an absurdity. Thus, both (3)
and (4) would hold and so it follows from the fundamental axiom (1.3.2) that there would exist a permutation
¢ in P such that ¢(d) =c and ¢(x) =x for all x in I. Since e is in [IA{a}| it follows from (1.7) that ¢ (e
would be in the same set. But ¢(e) would also be in ¢(a),¢(d) = a,c : that is, a,¢ would intersect |IA{a}
at ¢(e) . That would be absurd, whence follows that (2) holds. Q.E.D.

(1.11) Theorem IV  Let P be a projective group of permutations on a projective space P . Let 1 be
an independent subset of P of cardinality exceeding one. Then

6



VaeD) I" = (U {ae}. (1)

ee(1n{a))

Furthermore, the union given on the right-hand side of 1 is a partition of I.
Proof: Let a be an element of I. To establish 1 we shall first show that

U {a,e}nc I. (2)

ee(1A{a})
and then that

I ¢ U o{a,e}n. (3)

ee (IA{a})

Let e be any element of (IA{a}) . It follows from the second half of the proof of Lemma 1.10 that any
point d of {a,e} isin I . This establishes (2).
Let x be any element of I . It follows from (1.10.2) that &,X intersects [IA{a}| at some element y. If

y were not in (IA{a}) , then y would be the span of a proper subset of (IA{a}) and so x would be in the
span of a proper subset of I. That would be absurd. This establishes (3). Q.E.D.

(1.12) Corollary IT  Let P be a projective group of permutations on a projective space P. Let 1 be
an independent subset of P of cardinality exceeding one. Then

(Va€l) = U ac. (1)
ce (2]

(1.13) Corollary III Let C be a mazimal proper coaligned subset of a non-trivial projective space
P. Then a line within P is either entirely contained within C or it intersects C in exactly one point.

Proof: Suppose that L were a line within P disjoint from C, and let {a,b} be a doubleton within L. If I
is any maximal independent subset of C, then Theorem II would imply that {a} UI were independent, and

so TU{a} would be a maximal independent subset of P: in particular, =P. It would follow from
Corollary II that b would be on a line containing a and an element of : an absurdity. Q.E.D.



Section 2. Meridians

(2.1) Definitions and Notation Let M be a meridian with projective group M. According to
their definitions, M and M are characterized by the following properties:

M has at least three elements; (1)

for all ¢ in M which interchanges the elements of some doubleton within M,
(VxeM)(3yeMA{x}) {xy}={¢(x).0(y)}; (2)
and, for each pair {a,b,c} and {x,y,z} of tripletons of M,

(Fundamental Property) 3'peM) ¢la)=x, ¢(b)=y and ¢(c) =z. (3)

These three are explained as follows: M is a projective space which equals the span of just two of its
elements. Thus (1) and (2) together are just an expression of the alignment axiom (1.3.1) above. Since a
fundamental subset of a 1-dimensional projective space has precisely three elements, (3) is an expression of
fundamental axiom (1.3.2) .

The equality of (2) has two separate cases: when x is just ¢(x) — and when it isn’t. The second case
can be reformulated as:

(Involution Property) if € M interchanges two elements of M, then ¢ = ¢~} (4)
whereas the first case resolves into
(Fixed Point Property) an involution in M either has no fixed points or two. (5)

We use the term involution here for a self-inverse function which is not equal to the identity function. It
is a consequence of the fundamental property (2.1.3) that if an involution in M has two fixed points, it has
precisely two, for otherwise it would be the identity function.

The function ¢ of (3) often will be written as

abel- (6)

(2.2) Fixed Point Theorem Let {a,b} be a doubleton within a meridian M with meridian group
M. Then

(ApeM) ¢ t=¢, ¢la)=a and ¢(b)=b. (1)

Proof: Let ¢ be an element of M distinct from a and b. It follows from the fixed point property (2.1.4) that
the permutation has a fixed point d distinct from c¢. Direct calculation shows that

cad
achb

bac
abc

cad

© ach

leaves a and b fixed. Since ;?g interchanges a and c, it follows from the involution property (2.1.5) that
it is self-inverse. Since interchanges a and b, it too is self-inverse. It follows that |52 djob R0l 24! is

self-inverse, and so the “existence part” of (1) has been established.

Suppose that ¢ is any element of P which is self-inverse and which fixes both a and b. Let e denote
¢(c): then ¢(e) =c. Direct calculation shows that o<Z>o fixes ¢ and interchanges a and b. It
follows from the fundamental property (2.1.3) that it must be identical with , which in turn implies

that ¢ = o|¢2dl " This establishes the “uniqueness part” of (1). Q.E.D.

acbl-"

cad
acbh

bac
abc

o

(2.3) Notation In view of the uniqueness part of the fixed point theorem (2.2), an involution is
determined by its values at any two elements of M which are not interchanged by that involution. In the
sequel, notation such as

ah (1)



will signify that the function in question is the involution sending a to ¢ and b to d. In particular, the
involution fixing two points a and b of M will be denoted by

ab) - (2)

(2.4) Harmonic Pairs  Let {a,b,c,d} be a quadrupleton within a meridian. We shall say that
{{a,c},{b,d}} is a harmonic pair if

hedlld) =a. (1)

If {{a,c},{b,d}} is a harmonic pair, then o interchanges b and d and keeps a and c fixed. From
the involution property (2.1.5) we know that it is an involution. Conversely, if ¢ is an involution fixing
distinct elements a and ¢ of M and interchanging elements b and d, then ngS equals and (1) holds.
It follows that {{a,c},{b,d}} is a harmonic pair if, and only if,

(3eM) ¢la)=a, ¢lc)=c, ¢(bj=d and ¢(d) =b. (2)

Thus, if {{a,c},{b,d}} is a harmonic pair, then
= 9. (3)
Given any tripleton {a,b,c} in M, the involution has exactly one fixed point d other than b. It
follows that
(V{a,b,c} a tripleton in M)(I'deM) {{a,c},{b,d}} is a harmonic pair. (4)

(2.5) Translation Theorem translation theorem A translation of a meridian is an element of
the meridian group having a single fized point.

If a and B are distinct involutions fixing a common point p, then

aof3 is a translation fizing p. (1)

Conversely, if T is a translation which fizes a point a of M, and if c=7(b) for {b,c} C(MA{a}), then
Edefisd =7 @

Proof: We prove (1) first. If o3 were not a translation, then there would be a point q distinct from p at
which « and 8 would agree, but this would violate the fixed point theorem (2.2) since « and § are distinct.

We turn to (2). Let 7 be a translation with fixed point a, let b be any point of M distinct from a,
let ¢ be 7(b) and let d be 7(c). The permutation o7' interchanges b and ¢, and so by the involution
property (2.1.5) is an involution. Consequently

_ ([cdb cdb _ [cdb cdb
a= ([EhRlono(Ehblon (a) = [ERdorofcid(a)
whence follows that

(b (a)) = [cdb(a) . (3)

If m did not fix a, then the translation 7 would have more than one fixed point, which were absurd.

Since fixes a, we know from (2.4.2) that {{a,c},{b,d}} is a harmonic pair. It follows from (2.4.3) that

9



58 = E2- ()
cdb

The permutations [¢{ 3|o7 and |} agree at a, b and ¢ and so, by the fundamental property (2.1.3) must

be identical. We have
a cb C d by (4
a5t = [ERgJor 2L Egor

whence follows that (2) holds. Q.E.D.

(2.6) Libras Latent within a meridian are numerous structures which we shall call here “libras”.
By a function libra £ we shall mean a family of bijections from one set A, called the common domain,
onto another set B, called the common range, such that

(7 {a,Ba}CL) aofoveL. (1)
It is sometimes useful to adopt the following notation:
(V{a.BtCL) [eBa] = acftoy. (2)

An abstract libra is a set L with ternary operation L3 [x,y,2] < |x,y,2z| €L which, for all {v,wx,y,z} CL
satisfies the equalities

vvaw] = wvy] = w 3)
and
[wovx)yz] = [wv|[xyz]] . (4)
It follows from (3) and (4) that the equality
lvilwxylz] = [[v.yx],w.z) (5)
holds as well, for
v [y ww] 2L v [oxow ) 2L v iy w22

LLvow, [y ) oo w] 229 vwx oy oo w] 220 | v wox )y [y w

whence follows that

vilyoow ] z) = [LLv,wox) s Ly w] ], [y, w ) 2] 28

LLvowx) oy, L Lyoew ], [yow ] z) ] 22C0 | [vowx) vz -

A bijection from one libra onto another is a libra isomorphism if it preserves the ternary libra operator.
A libra is said to be abelian provided that

(v {XaYaZ}CL) LXaYaZJ = LZaYaXJ' (6)

A group G with binary operation - is a libra relative to the ternary operation G 3 (x,y,2) — (x-y " 1z) €G.
Conversely, a libra L, relative to any element e of L, is a group relative to the operation

(V{xyicl) xy = [xey]. (7)

In this case we speak of the libra group with identity e.

Evidently a libra is abelian if, and only if, any one of the groups associated with it is abelian. In this
case, all the groups associated with the libra are abelian.

(2.7) Definition Let M be a meridian relative to a meridian group M, and let a and b be elements

10



of M. We define®
Mpp = {peM: ¢ is an involution, ¢(a)] =b and ¢(b) = a}. (1)

We note, in view of the involution property (2.1.5), that the requirement in (1) that ¢ be an involution is
superfluous if a#b.

(2.8) Theorem II Let M be a meridian relative to a meridian group M , and let a and b be
elements of M. Then M,y is an abelian libra.

Proof: We need first to show that the libra operation of (2.6.2) returns an involution, for it evidently
interchanges a with b. For the case a# b, this follows directly from the involution property (2.1.5).
We take up the case in which a and b are identical. Let {«,3,7} be within My, ,;, and define ¢ to be
|le,B,7] - Since all three arguments are involutions, we have

0 = aoffory.

It follows from (2.5.1) that So~ is a translation. From the fixed point property (2.1.4) we know that « has
another fixed point ¢ distinct from a. Let b be the element of M such that Sovy(b) =c. By (2.5.2), we know

that o = fBoy. But is just a. We have

whence follows that 6 = , which by the involution property (2.1.5) is an involution.
Finally we show that the libra is abelian. Let {«,3,7} be within M, ;. We have

la.Bll = acfoy = (aofoy)~t =y"tof  oa™ =q0foa = y,8,a] .
Q.E.D.

(2.9) Theorem III  Let £ be a function libra of self-inverse permutations of a set L such that
(V{uv}cL)(3l¢pel) ¢(u) =v. (1)
For {u,v}CL,we shall denote the element ¢ of (1) by

.
Let T be the family of all ao8 such that {a,5} CL. Then

(V{p,0}CT) p= o if they agree at any point, (2)
(V{uv}cL)(3!0ecT) Ou) =v (3)
and T is an abelian group. (4)

For {u,v}CL, we shall denote the element 6 of (3) by

.
For {x,y,2} CL we define

[x,y.z) = [E](y) - (5)

Then L is a libra and
(VeeL)  the function L£30—0(e) €L is a libra isomorphism. (6)

Proof: If {a,8,7,0} is within £ and co3(s) =~od(s) for some s€L, then yoao3(s) =4 (s) and so (1) implies
that yoao=4. It follows that cwo3=~y0d, which proves (2).

6 The use of these meridian libras to form fields was first exploited by Tits in [4], so far as we know.
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For {u,v} within L, [{Jo[d](u) =v and, in view of (2), [{]o[d] is the only element of 7~ which does this.
This establishes (3).
Let 6,7 be within 7. Then there exists {«,3,7,0} within £ such that § = a0 and 7=~0d. We have

foT = offoyod = (aoﬂo’y)*loé = yofowod = 'yo(ﬁoaoé)*l = yodoqoy = T0#

which proves (4).
For any u and v in L we have

lu,u,v| by (9) [¥] (u) by @)y and |u,v,v] by (5) ¥ (v) by @)

which establishes (2.6.3).
Let {a,b,c,d,e} be within L. We have

[Elo[f](b) =a and [Jo[d](d) =e

which, by (2) implies that
Bloff] =il and [o[d] = . (7)
Letting u={[}]|(c) and v=[[gl|(c) , we have
[labeldel 2O | Gb)de) = | [Foff](c).de) 2D [Fic).de) = [nde] 2

— o[ () & (7) .[uj :o[cjﬂo[cj Z[V]MO[VJ =
b)) 28 |aby] = la,b, [q] () | D Jab, o[ ()] = [abfH(d) ] 2L ab,[c.del]

which establishes (2.6.4).
Finally, we prove (6). Let x be any element of L and let {«,5,7} be a subset of L. We set c=7(x) ,
b=p(c) and a=«a(b). Consequently o= , B=|y| and y=[§]. We have

H_aaﬁa’yll (X] M aoﬂo’Y l l . A La,x, |_b7b7XJJ M Ll_aaxabJaba)(J
by 263 11 1ax,blbx)clexx| | 2E09 | laxb],[exbl,lexx]| = [ax),Bx)7y(x)].
Q.E.D.

(2.10) Corollary Let M be a meridian group and let M be the corresponding meridian. For {a,b}
within M we adopt the notation

My = MA{a,b}. (1)
For {x,y,z} within My, ; we define
[xyz) = [Ly) - (2)

Then M, v is a libra relative to (2) and, for each ueMy, ;,

the function M 1)2¢— ¢(u] €M, 1) is a libra isomorphism from M, 1) onto M, v, . (3)
Proof: Letting L=M, ) and L=Mj, ,, this follows from Theorem (2.8) and Theorem (2.9). Q.E.D.
(2.11) Dilations Let {a,b} be a subset of a meridian M, let £ be the libra My, 1) of (2.10) and let
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T be as in (2.9). If a and b are identical, it follows from the translation theorem ((2.5)) that the elements
of T are just the translations which fix a.

If a and b are distinct, we say that the elements of T are the dilations with fixed points a and b.
Every non-identity permutation in M which fixes a and b is such a dilation,

(2.12) Meridian Fields Let {0,],00} be a tripleton within a meridian M with meridian group M
of permutations. For {x,y} within M, .; we define

x+y = [X3](0] - (1)

For {x,y} within M, . we define
xy = [§3] 1) (2)

and, for all z in M o we define
0Z=70=0. (3)

We shall say that M, o is the field generated by [c0,0,1] and that + and - are the field operators.

(2.13) Theorem IV Relative to + and -, M ) s a field of characteristic different than 2.
Furthermore, the additive and multiplicative inverses of elements XE€M|y ) and y €M, o) , Tespectively, are
given by

— [xo —1_— |1

—x = [X3|(x) and y~'= |3 \|ly), respectively. (1)

Proof: Everything but the distributive law follows directly from Corollary (2.10) and the fact that we are
dealing with groups associated with the libras My o) and M, ;.
Let {x,y,z} be within M, . such that x and y+z are distinct from o. We define

0= oooo. (2)
Evidently

6 is an element of M ;- (3)
We note that, due to the fact that M, o is a libra and that both of these involutions below agree at y+z,
»
We have
0(0) =Fho[SJo B[S (0) =FHe T o o) B2 [Fo [T ] 1342 =
(5)
oo[l] D@ Pevie ) 222D s (y4).
Moreover, the first pair below agree at o and y and the second pair agree at o and z, which implies that ,
EI=Ee[S e[ and FE=[e[5 ] (6)
We have

by (2) [co

1 1] [302] o [001] 4 [00 1| (o) PY (2:12.2) [557] [001] [ 7] [01] [0 1 ¥ (1) by (6)
oxOOIODO“VOO\Xy’i0010001°oxO Xll’

1| Ao 0o 1 01| |0 1](1) — oo 1 01| [0 z] L [oo 1] (1)
EleEHeEleSloEn =T ]-EFI 0
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MN

by (2.12.2
(1) 2X=—==2 ( ) x7.

00 1@l () — [01 001 oo]r\b}’(‘)')oo
Ele[Elz) =Ehe[T]oEI0 :

From this and (2) follows that 6= whence follows that

00 x*y|

_ [ooxz by (2.12.2)
flo) = (o) === X y+Xz.

This last, along with (5), proves that the distributive law holds.
If the field were of characteristic 2, then for any x in M o,

00 X [O] by (1)

00 X X+X:O:Dog8[o]~

It would follow that and , fixing two distinct points, would have to be identical involutions. Thus
both would fix three points and so be the identity permutation, which is not in M ;) by definition: an
absurdity.

Let x be any element of M[,, ;. We have

whence follows that [X %] must equal [X3]. Thus —x= (x) . A similar argument shows that, for y in
Mo, [y} =y~ '. QED.

(2.14) Addition  The definition for the binary operator on M, o has an alternate form which,
since it extends readily to higher dimensional projective space, we shall mention here:

(V{x,y} CM(no o)) x+y = [Xm|(0] where m = [oo] . (1)

Proof: From (2.4.3) we know that {{x,y},{m,00}} is a harmonic pair. It follows from (2.4.2) that
interchanges x and y . Consequently and , agreeing on three points, must be identical permutations.
This proves (1). Q.E.D.

(2.15) Lemma Let F be the field associated with a tripleton {c0,0,1} within a meridian M. Let a
be an element of M ) and let b be an element of M|, o . Then there exist o and 3 in M such that

(VxEMng) alx) =at+x and (VxeEMq) Blx) = bx. (1)
Proof: For each x in My, »,) we have

o0 X| — OQOOOOOOOOX
oo al T |Xa [o.o)e) jo.oNe)

whence follows that
by (2.12.1 :
a+x 2220 93] (o) = (280 [FFo ] (o) = oI ().
For each x in MA{o0,00} we have
= [l
whence follows that
bx 2222 ) = [FiJo[F o0 = [Fio[F] e

Q.E.D.

(2.16) Linear Fractional Transformations Let M, ) be a meridian field generated by a triple
as in (2.12), and let + and - be the corresponding field operations. Then the elements of M can be described
in terms of these field operations as follows: if {a,b,c,d} is a subset of My ) such that a-d #b-c,
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ax+h if x#£00 and c-x+d#o0;

M cx+d )
X 2 if x=0c0 and c#o0; ' (1)
00 if cx+d=oorif x=00 and c=o0.

Proof: We know from (2.15) that translations and dilations are homographies. The function

[ M) 3 £ €M
is called an inversion and it is obviously the restriction to M, o of a homography. If we can describe the

function in (1) as a composition of translations, dilations and inversions, it will follow that that function
itself is a homography. We define

alx)=g+x, plx)=(bc—ad)x, fyxz%, d(x)=(cc)x, and exz%—l—x

and check that aofoyodoe is just the function in (1). Q.E.D.
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Section 3. The Meridian of Throws

(3.1) Definitions and Notation Let P be a finite dimensional projective space, and let P be its
homography group of permutations. If A and B are lines within P, if {a,b,c} is a tripleton within A | and if
{x,y,z} is a tripleton within B, then by the fundamental axiom (1.3.2), there exists an element of P locally
unique on A which sends a to x, b to y and ¢ to z: we shall denote the restriction of that permutation to A
by

abel- (1)
Such functions will be called projective meridian isomorphisms.

In this sense, each ordered coaligned tripleton in a projective space is equivalent to each other such
coaligned tripleton. Such is not the case for ordered coaligned quadrupletons however. If {a,b,c,d} and
{w,x,y,2} are coaligned quadrupletons, there may, or may not, be an element ¢ of the homography group P
such that

¢la)=w, ¢(b)=x, ¢lc)=y and ¢(d) =z.

The mathematician Karl von Staudt looked into this nearly two hundred years ago and his study lead
to the discovery of a meridian isomorphic to each of the line meridians of a projective space, but with this
difference: this new meridian had three points objectively different from all the other points. To obtain these
results however, he had to consider not just quadrupletons, but ordered quadruples with repeated elements.
To make this idea more precise we introduce an index set

I = {V,0&.¢} (2)

and the family
2 (3)

consisting of all functions f|H_'[C—>P such that the set {f(x):x€Ill} is coaligned and of cardinality
at least 3. For such a coaligned set {w,x,y,z} within P, we shall adopt the notation

WXy z
vaA%e (4)

for the function on {2 which sends ® to w, # to x, & to y and ¢ to z.

Besides the identity permutation of IIL, there are three other permutations of particular interest here:
the one that interchanges ® with ¢ and & with &, the one that interchanges # with ¢ and & with @, and
the one that interchanges & with ¢ and & with ®: we shall denote them, respectively, by

58 4%, ana [}4. (5)

respectively. We shall denote that group of four permutations by’

K. (6)

If two elements £ and g of {2 have quadrupleton images and are equivalent in the sense that there exists
some homography ¢ of P such that £ =¢og, then, for each element o of K, f is equivalent to goo as well.

This is evident from the identities:
vasdlo[t8] = E3o[ais ot =[lo[vass]. and [saadlofte|=FHo[aidl

The same is not true however for elements of {2 for which the images are not quadrupletons. Therefore
we enlarge slightly the definition for equivalence for elements of 2. We define, for all {f,g} within {2 ,

WXY z

AL X X}

7 Sometimes called the Klein 4-group.
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fr~g — (3¢peP and KEK) ¢ofor=g. (7)

For any subset {w,x,y,z} of cardinality at least 3 we have

vass~([Paneoffd) = [caas, (8)
Wase~(Vaseoltd)=Fasi 9)
and Nans~(vans ol ) =fass (10)

We shall denote the family of & -equivalence classes by

Wp . (11)

Von Staudt used the terminology “Wurf” for an element of 20p : we shall use here the English translation
throw. For any element t of (2 , we shall denote the = -equivalence class or throw containing it by

[£]. (12)
For a throw with member , we shall at times use the abbreviation
o [and]] 13

It follows from (8), (9) and (10) that

lwxyzl=lzyxw|l=|yzwx|=|xwz Y| (14)

The presence of K is only felt when the cardinality of {w,x,y,z} is 3: if &~ denotes the equivalence
relation, then, for any tripleton {x,y,z},

Paad~faaifa=Raid. Faiil~[aii-[t¥-

pasd~Raaiofa]=[aid]. Raai~[aado[88=Fasi. aadl~[aiil-F¥=[aad:

pasdl=fasdoli=Fasi]. Lasi~faii @,| J. Raai~faaioly-
Thus, members of {2 with ranges of cardinality 3 all fall inside the three distinct equivalence classes:

X = {: {a,b,c} is a coaligned tripleton} U {: {a,b,c} is a coaligned tripleton}, (15)

o= { : {a,b,c} is a coaligned tripleton} U { : {a,b,c} is a coaligned tripleton}  (16)

and 1= { : {a,b,c} is a coaligned tripleton} U { : {a,b,c} is a coaligned tripleton}.  (17)

:“ [sass®[vaas)ott=[vans);

d

(3.2) A Meridian Isomorphism  Let M be a line in a projective space P. We shall pick any
element of ITI, say ¢, and any injection of the complement of {4} in IIT into M, say {(®,a],[#,b],[d,c]}.
This provides us a function

M3x— €Wp. (1)

It is of course dependent on the choice of ¢, [(¥.a], (#,b] and [&,c]. However, in view of the definition of
the equivalence relation = , if we had chosen something different than ¢, we could have altered the other
three choices to get the same function.
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It is evident that the function in (1) sends a to x, b to o and ¢ to 1. That suggests that we denote it

- @

by

It follows from (3.1.14) that

(VxeM) [x]:|abCx|:|baxc|:|cxab|:|xcba|. (3)

We shall denote the inverse function of by

b
Mol (4)
For any element of 2, we have
a ifz=worx=y,
b ifz=xorw=y,

abc _
[] - c ifz=y or w=x, and - ()
(z) otherwise

because

abc|l— a by (4 1 abc by (1 abcC by (3.1.7
V[aEE (e RO T AR (2)) X g ¢ 2R (g | RLELD

@ FEYm) [FEYe FEYakde) | =W _x v 4.

In particular, for the case [w x y z|=|a b ¢ 1|, we obtain

(VreM and r€20p) [t):r = Et. (6)

(3.3) The Throw Meridian Group Let P, M, {abc}, 2, K, Wp , and be as in
(3.1) and (3.2). Let N be any other line meridian in P and let {r,s,t} any tripleton in N. Following (3.2.1)
and (3.2.1) we shall adopt the notation for the function

X

Nox—|lyasel|cWr. (1)

For any x in N, we have

rst

([Fe (%)) by (3.2.1) and (3.2.2) |a b ¢ j‘gg (x)| by (3.1.7)

e el Erier ErErdm)|=[s o x2D fed,

or, more succinctly,

Mo1l] _ [Mo1 abc
rst _|abc|o|rst' (2)

It follows from (2) that, if we define to be the inverse of the function , then the family

W = {oz {r,s,t} and {a,b,c} are tripletons within M} (3)
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does not depend on the choice of meridian line M adopted for the definition. We shall say that 20 is the
throw meridian group.

It is evident that 20p is a meridian relative to the group W of permutations and that the function

%ol o .
is a meridian isomorphism of M onto 20p . (4)

Suppose that {oo,0,1} is a tripleton of the meridian line M and that F is the field induced by that
tripleton. As in (2.16.1), for any tripleton {w,x,y} within M, we have a linear fractional transformation
homography

Y-=wW) - (z=X)
M3z — =% - Z-W) eM.

Evidently this homography is precisely . It follows from (3.2.5) that

0 1 _ (y—w) - (z2—X)

woq|(w x vV 2] = &x) Z=wW) (5)
the cross ratio of w, x, y and z relative to the field F'.

(3.4) Definition We shall say that the field of the meridian 20p generated by the tripleton {»,0,1}
is the field of throws for the projective space. We shall denote it by

3 (1)

and the associated field operations by + and - .

(3.5) Intuition  The meridian of throws and the field of throws are rather abstract objects, so
some intuition may not be amiss. Just as the terms applied for set and set element carry information about
the context in which they are being applied (“families”, “functions”, “members”, “points”, “instances” etc.),
the names assigned to the equivalence classes 0, 1, and x do as well. We shall use here the term instance
of a throw to refer to an element of that throw, and adopt the term standard instance for an instance

wWXY z

v & & ¢| for which {wx,y} is a quadrupleton.

Given a standard instance , one may imagine a line segment in P beginning at a point x and
ending at a point w an infinite distance away; and suppose that y and z are two points on the line x,w .
The throw may be thought of as the “ratio” of the line segment beginning at x and ending at
z to the line segment beginning at x and ending at y. Thus, if z=w, then is just x, and the
corresponding ratio may be thought of as “infinite”. If z=x, then is o, and the ratio may be
thought of as 0. If z=y, then is 1, the line segments are identical, and the ratio may be thought
of as 1 or unity.

We could have used any permutation of the special elements x , 0 and 1 to generate the field of throws.
Our choice was made so that the usual convention for the cross ratio would appear in (3.3.5).

(3.6) Theorem Let M be a line in P, let {c0,0,1} be a tripleton in M and let F be the field induced
by that tripleton. Then the restriction to § of the function

o0 o0 ]

%ol is an isomorphism of fields. (1)

In particular, for {r,s,t,u,v,w} within (MA{o}) such that u-v# —w, we have

foo 01 rf|oc 01 s|4+|o 01 t| rs+t

> 01 gytw (2)

foo 01 ul-fo 01 v|4|o 01 w|

and
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[ IOO o1 I'|~|00 o1 SI+IOO o1 tl ] _ r.Sit (3)
(o | . M
[xolul[xolv]+[xoTw "V

Proof: Let x and y be elements of the field F =M, ;). That

M o1 o0 X o0 0o ]
[0 iJoERe X e ]

is an involution and that it leaves x fixed is evident. Furthermore

by (3.2.3 by (3.2.3
[ 5 1o e[ 2 1) (o)) 222 [T o] (v) = [ o) () 222 [ 0 T ],

It follows that

Nloo o]xl

1
|g1§}|ooi§’§1 T MEoi (4)

Consequently

by (2.12.1 1 by (4
5o ] ety) 2LEE2D IO [ (0)) = [0 oo 2 (o) 2

N[o) by (2.12.1) + by (3.2.3) [ o1 ( ]+( )
Mlooolyl IOOOIXI Iooo]yl DOOIX oooly‘

Let x and y be elements of the field F =M, .. That
oo [e ]
is an involution and that it interchanges o and < is evident. Furthermore

by (3.2.3 by (3.2.3
T o =22 e - 22 T

It follows that

Mo 1| R [P0 _ [Mle o1 x|
=0l B = | ) ©

Consequently

by (2.12.2) 1 by (6)
oot tey) ZEZA FETNEFW) = [ JoFHofz o) 2

m[x o1 x| (1) by (2.12.2)
oloo o 1 YI

That (1) holds follows from (5) and (7). That (2) and (3) hold is a consequence of (1). Q.E.D.

by (3.2.3) N01[ ] M o1

[x o1 x]-[x 017] soo1] X |seoq]l¥) -

(3.7) Lemma  Let {{a,c},{b,d}} be a harmonic pair within a meridian line of a projective space
P. Let ¢ be a homography of P. Then

{{o(a),p(c)},{p(b),p(d)}} is a harmonic pair of pairs. (1)

Proof: We know from (2.4.1) that there exists a homography 6 of P such that
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fla)=b, #(b)=c, O(c)=d and 0(d) =a.
Let y=¢ofop~! . Evidently

Yigla)) =o¢(b], ¥(g(b]]=¢lc), ¥(g(b])=¢lc] andp(o(d)) =¢la).
It follows from (2.4.1) that (1) holds. Q.E.D.

(3.8) Harmonic Throws Let P be a non-trivial projective space and let 2, Wp, @, X,0, 1,
§, + and - be as in (3.1) and (3.4).

We shall say that a coaligned quadrupleton within P is harmonic if its elements can be arranged
as a harmonic pair. We shall say that a throw is harmonic if it contains a harmonic quadrupleton. It
follows from Lemma (3.7.1) that, if a throw is harmonic, all of its elements are harmonic quadrupletons.

Suppose that {c0,0,1,x} is a harmonic quadrupleton and that + and - are the binary field operations for
the field F generated by the tripleton {co0,0,1}.

The condition for {{co,0},{l,x}} to be a harmonic pair is for (1) =x. From (2.16.1) we see

[Z5|Fox— —x€F,

whence follows that x = —1. Consequently must be in the throw —1.
The condition for {{co,1},{0,x}} to be a harmonic pair is for m (o) =x. From (2.16.1) we see

KlFox— —x+2eF,

whence follows that x=2. Consequently must be in the throw 2.
The condition for {{o,l},{cc,x}} to be a harmonic pair is for | |(co) =x. From (2.16.1) we see

|F9x<—> X cF,

whence follows that x = % . Consequently must be in the throw % .
It follows that each harmonic quadrupleton is in one of the three throws

-1, 2 and +. (1)

The three throws in (1) are identical if the field §F has characteristic 3. Otherwise they are pairwise distinct.
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Section 4. Higher Dimensional Projective Spaces

(4.1) Definitions Let P be a finite dimensional projective space of dimension greater than one,
and let P be its homography group of permutations. Elements of P are often called points. If S is a maximal
proper subspace, we say that S is a co-point.® A subspace of dimension 2 is called a plane.

(4.2) Projections Let p be a point and B a co-point not containing p. It follows from (1.13) that,
for any point x distinct from p, the meridian X,p intersects B at one point: we shall denote as 7(x). This
function 7 will be said to be the projection from p onto B. If N is a meridian neither within B nor through
p, the restriction of 7 to N sends N onto a meridian within B: this function is called a perspectivity.

(4.3) Theorem I  Each perspectivity is a projective meridian isomorphism.

Proof: Let [ be a perspectivity from a meridian L onto a meridian M defined by a projection from a point
b. The meridian M is in the plane determined by b and L. From (1.13) we know that M and L intersect
in a single point q. Let {c,d} be a doubleton within L not containing q. Let x be the intersection point of

M with E,c and y be the intersection point of M with l?d . The set {c,d,x,y} is fundamental and so by the
fundamental axiom (1.3.2) (1.3.2) there exists an element 6 of P such that

Olc) =x, 0(x) =c, 0(d =y and fO(y) =d. (1)

—
Since 6 interchanges ¢ and x, it sends the meridian b,x onto itself; since  interchanges d and y, its sends
the meridian b,y onto itself. Hence the intersecting point of those two meridians must be fixed:

O(b) =b. (2)

—
Also the meridian c,d is sent onto the meridian X,y and vice versa: that is, # interchanges the meridians L
and M. Thus

flq) =q. (3)

In view of (2) and the fact that the points ¢ and x are interchanged on ¢X , it follows from the fixed point
—
property (2.1.4) that there is precisely one other point o on b,x such that

flo) =o. (4)

It follows from (3) and (4) that the meridian {0 is sent onto itself by 6. Since the meridian l<)—,}>/ is also sent
onto itself, it follows that the intersection point p of these two meridians is fixed by 6. It follows from (3),
(4) and the fundamental property (2.1.3) that

(Vteqo) O(t) =t. (5)

—

Now let z be any element of L. The meridian b,z intersects ¢,6 at one point, say w. In view of (2) and (5),
—5

the meridian b,z is sent <o_r{c)o itself. Since L is sent onto M, the intersection point z of b,z with L is sent to

the intersection point of b,z with M: that is

(VzeL) 6(z) = Blz).

But by definition (3.1.1), € is a projective meridian isomorphism. Q.E.D.

(4.4) Affine Spaces Let V be a co-point within P. We shall define a ternary operator on the set
complement A of V in P and show that it is an abelian libra operator. We shall call A the affine space
complementary to the co-point V.

For each meridian M which intersects A, shall write v(M) for the intersection point of M with V. If
M=1,v for {u,v} a doubleton within P which intersects A, we abbreviate v(i,v) to v(u,v) . Thus, for

8 Sometimes called hyperplane.
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u#v,

{ouv)}=vNV
Let {a,b,c} be within A. We define m to be a if a=c: otherwise we define

m = v(a.cl) . (1)
It follows from (2.4.4) that, if ac,

m s the unique element of &,¢ such that {{a,c},{m,v(a,c)}} is a harmonic pair. (2)

If m=b, we define |a,b,c| to be b: otherwise we define

la,b,c| = [0/mP) ™p) (3)

v(m,b) m

Thus, if m#b,

la,b,c|] is the unique element of k<),_1>n such that {{b,|a,b,c|},{m,v(m,b)}} is a harmonic pair. 4)

(4.5) Lemma I  Let V be a co-point of a projective space P and let A be the affine space comple-
mentary to P . Let p be an element of V , let S be a co-point of P not containing p and let w be the projection
onto S from p. Let {a,b,c} be a tripleton in A. Then

m(lab,c]) = [w(a),m(b),7(c)]. (1)

Proof: Let m be as in (4.4.1). We know from Theorem I (4.3) that the restriction of 7 to &,¢ is a meridian

isomorphism p of a,¢ onto m(a),m(c) . Since p is in V, it follows that 7(v(a,c)) is in V as well: that is,
v(m(a),m(c)) =m(v(a,c)). Since p preserves harmonic pairs by (3.7),

. T . . .
m(m) is the element of 7(a),r(c] such that {{n(a),7(c)},{7(m),v(7(a),w(c))}} is a harmonic pair. (2)

. . — T . . . . . . . . .
The perspectivity from p of m,b onto w(m),x(b) is also a meridian isomorphism . Since p is in V, it
follows that 7(v(b,m)) is in V as well: that is, v(7(b),7(m)) =n(v(b,m)) . Since v preserves harmonic

—
pairs, it follows that 7(|a,b,c]) is the unique element of 7 (b),m(m) such that
{{m(b),x(|a,b,c]) },{m(m),0 (7 (b),m(m))}} is a harmonic pair:

but by definition (4.4.4) and by (2), that element is just |7 (a),7(b),7(c)|. Q.E.D.

(4.6) Theorem II Let V be a co-point of a projective space P and let A be the affine space
complementary to P. Then A, relative to the ternary operator defined in (4.4), is an abelian libra.

Proof: It is evident from the definition of the libra operator that |a,b,c| =|c,b,a]: that the operator is
abelian.

Suppose that a=Db or that c=b. Then we are in the 1-dimensional case and that (2.6.4) holds follows
from (2.8).

Let n be a positive integer and suppose that we have proven that (2.6.4) holds for all subspaces of
dimension less than or equal to n. In view of (2.8), we may presume that n is 1 or more. Let the set
{v,w,x,y,2z} be within ANS where S is a subspace of P of dimension n+1 and assume that

Lvowx]yz] # [vw,[xyz]].

Let T be a maximal proper subspace of S containing the elements | |v,w,x|,y,z] and |v,w,|x,y,z]|. Let p be
any element of (VNS)A(VNT). Let w be the projection of S from p onto T. Evidently
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m(|[v,w,x],y,z]) # 7(|v,w,|xy.z]]) . (1)

In view of Lemma I (4.5), we have both

=l
2
A
k)
A
=
El
N
S

T v,wx].yz]) = [7(lv,wx]),7ly),m(z) | =[7(v
and
m(Lv,w,[xy,2]|) = |7 (v),m(w),m(|[xyz]) | = 7 (v),m(w), [ (x) 7w (y)miz) ] (3)
Since T is of dimension n, we know that
L (v)m(w),m(x) Lwly)mlz) ] =[x (v),mlw),[r(x),7(y)m(z) ]
whence from (2) and (3) follows that
([ [v,wx),y,2)) =7 ([v,w,[x,y,2]]) -

But this is inconsistent with (1). Thus (2.6.4) holds for all subspaces of dimension n+1. By induction, it
follows that A is a libra. Q.E.D.

(4.7) Lemma IT  Let M be a meridian and let {a,b,c,d,e} be within M with a and b distinct. Then

|abd| |abc :|abc |abd| (1)
abc| |labe abel |labc|
Furthermore,

avelle) =[apq(d)- (2)

Proof: We have = o and = O. Since by (2.8) M, ) is an abelian libra, we have
Eedelbd = EdoBdoBdobd = IEDEIEIIET = LEDED BB =EoBdEdoEe =
R e e A o e e e e o o S K R e A R

which proves (1).
Noting that ’1 = , we have

abc
ape

[e]

)(e) by (1) |abe

abc

which proves (2). Q.E.D.

— abe
abc

abe|l—
abc

— a‘be
abc

abc
abe

|abd
abc

)ie) = [2belid)

(|abc

(4.8) Scalar Multiplication Let P be a finite dimensional projective space of dimension greater
than one, and let P be its homography group of permutations. Let V be a co-point in P and A the affine
space complementary to V. Let o be any element of A . The group associated with the libra A, with identity
0, has the operation (see (2.6.7))

(V{a,b}CA) a+b = |a,0b]. (1)

For {s,t} within A, recall that v(s,t) denotes the intersection point of V with the meridian é?c} .
Let the field of throws §, along with its binary operators + and -, be as in (3.4). For each element x

of AA{o} and each v in § we define
oxe P 8

It follows from (3.2.6) that,
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(Vredx)  rex=r1 o [0 2% e, (3)

For x in VU {o} we define

ox = x. (4)

(4.9) Intuition We chose the letter V in (4.8) because in the context of an affine space we think of
the elements of V as being at “infinity” and therefor “virtual” rather than real. The libra operator applied
to a triple {x,y,z} within A can be thought of as producing a fourth point p so that the “line segments”
determined by {y,x}, {y,z}, {x,p}, and set {z,p} form a “parallelogram”.

By choosing an element o of A to form a group libra associated with A, we are creating a linear space
with origin o. Thus we may identify each point x of A with the line segment beginning at o and ending at
x. For x in A distinct from o, and v an element of §, the product rex may be thought of as the element
of A on the meridian 6,x of which the associated line segment has “ratio” v to the line segment associated
with the point x.

(4.10) Theorem III Let P be a finite dimensional projective space with projective group P, V
a co-point of P with affine complement A, and o an element of A. Then, for each v in WpA{x,0}, the
function

Pox<—rvexeP is an element of P. (1)

Proof: Let M be any meridian in P containing o, let co be the intersection point of M with V and let 1 be
any element of M not in {o,00}. Let r be the element of M such that [oo 0 1 r{=r. Then, for each x in M,

by (4.8.2) [xox 5 0X| _[00o 1 by (4.8.2) Boox by (4.8.3) [scox by (4.7.2) oot
ox U5 OO :o Dy (B82) o] (o) 28D (O ) Y ET2) FTON (k). (2)

It follows from (2) that (1) is true if P is 1-dimensional. We shall presume then that the dimension
of P is larger than 1. Letting B be a maximal independent subset of V, we know that B has at least two
elements. It follows from (1.8) that BU {o} is a maximal independent subset of P. Let 1 be any element of

(BU{o}) : the set BU{o,l} is a fundamental subset of P. Evidently BU {o,r 1} is a fundamental subset of
P as well. It follows from the fundamental axiom (1.3.2) that there exists ¢ in P such that

6(1) =vel and (Vxe(BU{o})) oblx) =x. (3)

We wish to show that
(VxeA) ¢lx) =rex. (4)

Let r and oo be as in (2): that is, we are letting M be 0<—>,1 . Since ¢ agrees with at o, at 1 and at oo,
it follows from the fundamental property (2.1.3) that they are identical on 0<—>,1 . Tt follows from (2) that (4)
holds for x in <0—71> .

Suppose then that x is not in OH,I . Let S be any co-point such that 6,x is within S but 1is not in S.
Let v be the intersection point of the meridian l,x with the co-point V, and let 7 be the projection from

v onto S. It follows from (4.3) that the restriction of = to o,l is a meridian isomorphism from o,1 onto the
meridian 0,x . In fact, if w denotes the intersection point of 6,x with V, we have

g

7T|<O—,1>: wox. (5)

It follows from (3) that ¢ fixes both w and o, whence follows that ¢ sends the meridian 0,% onto itself. Since
—
¢ sends 1 to r and fixes v, it sends the meridian v,l onto the meridian ¥, . Thus x, which is the intersection

point of the meridians v,] and o,w , is sent to the intersection point of the meridians v,y and o,w . This
intersection point is precisely the projection 7 from v of r: that is,
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$(x) = m(r) 2O [T (1) . (6)
Since is in v, it follows that o is in v as well. By (6) this last is just . It

follows from (4.8.3) that (4) holds for this x. Q.E.D.

(4.11) Theorem IV Let P be a finite dimensional projective space, V a co-point of P with affine
complement A . Let ¢ be any element of P which sends each element of V into V. Then

(V{x,y,z} CA) ollxyz]) = [¢(x),0(y),¢(z)]. (1)
Furthermore, if o is an element of A, + is defined as in (4.8.1), and ¢ (o) =0, then
(V{xy}CA)  dlx+y) = dlx)+oly). @)

Proof: That (1) holds is a consequence of (4.5) and the definition of the libra operator for A . For (2) we
have

¢ (x+y) 28D 4(1x0,y]) 2D | 6(x),6(0),6(y) | L5 6(x)+4(y) .

Q.E.D.

(4.12) Theorem V  Let P be a finite dimensional projective space, V a co-point of P with affine
complement A and o an element of A. Let + and » be as defined in (4.8). Let + and - be defined as in
(3.4). Then A, relative to these operations, is a vector space over the throw field § of P .

Furthermore, if ¢ is an element of P which fizes o and sends elements of V into V, then

(Vre2p and x€A) t(o(x)) = ¢(rx). (1)
Proof: It follows from (4.6) that A is an abelian group with identity o relative to the binary operator +.

We need to prove the interactions between § and A . Let x and y be elements of AA{o} and let v and s be
elements of FA{o}.

(1): ve(sex)=(r-s)sx. Let F be the field 6,xA{v(0,x)} with additive identity o and multiplicative
identity x. Let r and s be the elements of 6,x such that

vlo,x) oxr . vlo,x) 0 x s
v aaelcr and " 2iiles

We have

(l"ﬁ) X by (4.8.2) 0[07)() 0 X [

by (4.8.3) by (2.16.1)
X 01 Ir-s

t-s)

()

, by (4.8.3) [v(ox) os ofelox) ox
) v(o,x) 0x M 01

v(o,x) os|, ., by (482) by (4.8.3) v(ox) ox|(. by (4.8.2)
e 109 res 1-([3]):10(50)().
(2): 1ex=x. Evidently U(O"X) o4 1510 1 s0 we have
Lo by (182) {1} by (483)

(3): (t+s5)ex=(rex)+(sex). We have

X 01

by (3.6) v(o,x) ox
M 01

[ ] _|U(o,x) o x

s _
= =

by (2.16.1) [v(o,x) os

T v(o,x) 0x

T

(4¢) —
r) =

wlw

v(o,x) ox
M 01

v(o,x) ox
M 01

(t-‘—ﬁ)'X by (4.8.2) v(o,x) 0 X [1‘-‘—5} by (3.6)

by (4.82)
X 01 _— (l

(v)+

exX)+(sex).

S)

(4): v-(x+y) = (vx)+(r-y). This follows from (4.10) and (4.11.2).
Finally, we shall prove (1). We have, for x distinct from o,
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by (4.8.2 x x x X by (4.8.2
.(¢X)Y(8)no,¢ o ¢ :¢o y(S)d)

Q.E.D.

(4.13) Isomorphisms Each meridian M is a meridian and the meridian group is
{0l 0P and (YxeM) 0(x) eM}. (1)
From the point of view of the Erlanger Programm, a projective isomorphism w from one projective
space P onto another Q is a bijection of P onto @) such that
P = {w lofow: @ is a homography of Q}. (2)
Of course, when P equals Q, we speak of a projective automorphism. Some automorphisms of P may not

be homographies,® that is, not elements of P. This begs the question what extra condition must be applied
to an isomorphism to obviate this.

We shall say that a projective isomorphism w|P < Q is homographic provided that

(VweWq) {[yansl: “wOlyans cw}EWp. (3)

FWOlvase

That is, w is homographic if it preserves throws.

(4.14) Theorem VI A projective space automorphism of a finite dimensional projective space is
homographic if, and only if, it is a homography.
Proof: That a homography is homographic follows from the definition (3.1.7) of the equivalence relation
Let w|Pf—>P be a homographic projective automorphism. Let F be a fundamental subset of P. By
fundamental axiom (1.3.2) there exists a unique element 1) of P which agrees with w on F. Let ¢ be the
composition ¢~ !low. Evidently 6 is a homographic automorphism which agrees with the identity mapping
on P everywhere on F. To complete the proof of (4.14), it will suffice to show that

6 fixes each point in P. (1)

Let M be any meridian within P on which 6 fixes each element of a tripleton {a,b,c}. For each x in M,
we have

abcx| |6a 0(b) O(c 0x|7 abcex|
(ZXXIN I I N R N LYY I
which implies that x=0(x) . We have shown that
0 agrees with the identity ¢ on each meridian if it fixes three or more points of that meridian. (2)

Let X be the set of all the points of P which are fixed by 6. Let n be the dimension of P: thus F has
cardinality n+2. If p is an element of F, it follows from (1.9) that, for each ac (FA{p}), the meridian a,p

intersects (FA{a,p})u at some point c¢. Since (FA{a,p})n is sent to itself by 6 and a,p is sent to itself by 6,
it follows that ¢ must be fixed by #. We have just shown that

XN (Su) # ¢ for any subset S of F of cardinality n. (3)

Taking each of the subsets S of (3) in turn, and applying the above argument to it, we can show that (3)
holds for all subsets S of cardinality n—1. Continuing in this way we eventually obtain that

In the case of the complex meridian, the complex plane with a point “at infinity” attached, complex
conjugation is an automorphism but not a homography.
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XN (Sn) # ¢ for any subset S of F of any cardinality greater than 1.
This, for the case of cardinality 2, together with (2), implies that

(V{a,b} a doubleton within F) a,<—>b cX.
Suppose that m is any positive integer between 1 and n+1 and that we have shown that,

(VSCF of cardinality m) cX. (4)

Let T be a subset of F of cardinality m+1. It follows from (4) that the facade (see (1.6)) of T is a subset of
X. Thus, if T were not within X, there would be a point x of T not in X. Let u and v be distinct elements

of T. It would then follow from (1.11.1) that there would exist an element ¢ of (TA{u}) such that x is in
1,¢ and an element d of (TA{V})E such that x is in 11751 . It would follow from (4) that {u,v,c,d} would be
within X . Consequently 6 would send the meridian 1,¢ onto itself and the meridian m onto itself. Thus
the intersection point x of those two meridians would be fixed by 0: an absurdity. We have shown that (4)

also holds for sets S of cardinality m+1. By induction it will hold when m equals n+1, and in this case
=P. Thus (1) must hold. Q.E.D.
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