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Abstractl

Thelreportl presentslanlenclosinglandlenclosedl ellipsoidsi basedlsolidl modelingl
techniquelforiserialllinksloflarticulatedirobotimanipulators.[Thisimodelinglallowsl
thel collisionl detectionl forl interactivel robotl motionl planning{ in0 al graphicall
simulationl environmentl or{l inl al teleroboticl simulator{ bel performed0 efficientlyl
and0 precisely.l Al systematicl way[ ofl determining( thel kinematicl transformationl
matricesl betweenl linksl and0 its0 associated0 ellipsoidsl modell is0 presented.] Anl
example,J al PUMAS600 manipulator,] isl shownl inl detailsl tol demonstratel thel
proposedimodelingitechnique.l 0
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1.0 INTRODUCTIONI

Methodsl forll detectingll intersectionsl ofll three-dimensionall objectsl playl anl
importantl rolell forl manyl roboticl applicationsl [1].0 Usually,l all collisionl detectionl
problemlin0reallapplicationslislequivalentItolthatloflicollisionldetectionIbetweenltwol
convexlpolyhedra.0lMethodslbasedlonlpolyhedrallmodellforlcomputinglthelEuclideanl
distancelbetweenltwolpolyhedralarelproposedl[2].0However,Isuchlkindloflmethodslhasl
allcomputationall expensell whichlis nearlyl linearll withl thell totall number ofll vertices.l
Therefore,l al lotl ofl researchl efforts devotedl tol accuratel yl modell convexD polyhedral
withlalsimplerIshapelforlefficientldistancelcomputationlandlcollisionldetection.[Howl
tolmodelOthelshapesloflirobots TlinkslislanlimportantIproblemitolanlefficientlcollisionl
detectionlalgorithm.IForlalmodelinglmethod,fitsicriterialcanbelsummarizedibyll
® Thelmodellmustrepresentlthelphysicallsystemlaslpreciselylaslpossible.l
® ThelmodellmustIbelsimplelenoughltolensurelthatlthelalgorithmslcanObelsolvedd

fastlenoughltolsecurelthelreal-timeloperationloflithemanipulator.D

InlorderfitolincreaselthelaccuracyloflitheImodel,litlisOpracticalitolmodelleachllinkd
individuallylbylcreatinglavolumelrepresentativelofleachllink,lratherlthanltolmodellal
robotlasllalsinglelbody.lGenerally,0therelarelthreelmethodsiwhichlarelusuallyllusedtol
achievell this:0 polyhedrall modeling,0 cylindricall modelingll andl sphericall modeling.0
Somelcomparisonslarelmadelinfthelfollowingl[ 19].0

Althoughlaccuracyllcanlbellobtainedlinlpolyhedrallmodellrepresentationlforleachl

link fitliscomputationallyllintensiveltolconstruct.0 ThelldescriptionloflcomplexOshapesl
representedibylalpolyhedrallmodelloftenlrequiresithelwholeldatallstructureloflithelfacesl
andledges.IMoreover,lhighlqualitylrenderinglofi complexlorllcurvedlshapeslirequiresl
hundredsl ofll planarl faces.0 Besides,l itl becomesl morel difficultl whenl rotationsl arell
introduced.0 Aslalresult,ltheldetectionloflinteractionslwithlotherlobjectivesibecomesl
morellcomplexfandlimpairsithelreal-timeloperationloflithelarm.llnlcylindricallmodeling,l
eachlllinklcanlbelleffectivelyl‘inserted Tintollaltube.0Thelproblemllisithat,dwhenlIweltryltol
viewl all cylindricall modell withl respectl toll all Cartesianll coordinatell system,l thel
mathematicallexpressionlbecomeslcomplicatedlthatlrestrictslthelreal-timeloperation.l
In0 spherell modeling,] anl immediatel advantagell is simplicityl inl mathematicall
formulation.0 Sincell all spherell is0 rotationallyl invariant,[ onlyl thell calculationl ofll thel
originallpositionllisineeded.0Fromthelpointlofliviewloflicollisionldetection,litljustineedsl
tolcompareltheldistancellbetweenlanlobstaclelandithelspherelmodellwithlthelradiuslofl

thellsphere.lHowever,Isphericallrepresentationl forlrobotllinksl oftenlleadsltolallargell
volumelofliwaste.l



Iticanibelseenlthatlthelpolyhedrallmethodlislaccuratelbuticomputationallylintensive;l
thellrepresentationl] ofll cylindersl isl elegantl butll complicated;l thell spherell modelinglisl
quitelinaccurate.lTherefore,Jalmodellableltolrepresentlthellinklofllalrobotlsimplylandl
estimatell thell distancel efficientlyl isl importantl forfl collision-detectionl inl interactivell
motionlplanning.IBasedlonlthelprinciplesimentionedlpreviously,ithelminimum-volumel
enclosingll ellipsoidd (LJO ellipsoid)d [ 8]0 forll shapel modeling(l is0 usedd asll thell basisl inl
modelinglalirobotllink.0

Ind boundingll volumell schemes,litl is0 veryll common( toll assumell thatll anll objectl sl
representedbylanlenvelopinglellipsoidlorlspherel[ 3,04 ].0Thelreasonlforladoptinglsuchl
alsimplelprimitivelisitolreducelthelcomplexitylinlrepresentationlandicollisionldetection.l
However,Iforlrobotl manipulator,dsuchlkindloflrepresentationldoesInotlhavelenoughl
accuracylsincelthellinklofllalrobotlarmlislusuallylrectangular.0 Alrepresentationlcalledd
dynamiclspheresl[5],0whichlarelparametriclvolumesicomposedloflanlinfinitelnumberl]
oflispheres,ithelpositionsandiradiilofliwhichlvaryllinearlyloverfithellex tentloflithelobject.l
Hierarchicall sphericall representations] werell alsoll proposedl forll morell accuratel
representationsl [6,07].0Thelcollisionlradiilarelchosenlsolthatlthelcollisionldetectionl
timelisllowlandlthelavailablelfreelworkspacelforlleachlobjectlislasllargelaslipossible.l
Unfortunately,lallargelnumberlofisphereslarellneededltolrepresentlslenderllobjectsiwithl
reasonablellaccuracy,landlhencelthelcomputationlcostlforficollisionldetectionllincreases.l
Besides,lwhenlthellgeometricl primitiveslarelnearllorlinlcollision,lsuchl methodImustd
checklalllthelpairslofllspheresiforllintersectionldetection,Inotlefficientlindthelreal-timel
applications.l

Superquadricimodels[16,0117]0canlapproximatelcomplexlshapelpreciselylthroughl
inside-outsidell functionl byl tuningl itsl parameters.] Onell ofll thell drawbacksl forl
superquadricll modell is0 timell consuming.l Ellipsoidsl arell alsoll usedl asl primitivesl forl
collisionl detectionl duell toll theirll simplell geometricl featuresl [8,0 18,0 20].0 However,l
detectingllintersectionlbetweenltwolellipsoidslisinotlanleasyltasklandlsuchlboundingl
volumelmodelsfalsolsufferlifromlrepresentationlaccuracyliforcollisionddetection.l

Boundingllvolumelschemesliregardithelldistancelbetweenltwolenclosinglellipsoidsl
asithelminimumidistancellbetweenltheltwolpolyhedra.lObviously,litlwilllinducelallargel
estimatelerrorlinimostlcases.IThelobjectiveloflithisiworklisItoldeveloplanlellipsoidall
modelingltechniquelforllefficientlandlaccuratelldistancelcomputationltolovercomelthell
problemsl encounteredl inll boundingll volumel schemes.l Thell proposedl approachll firstl
approximateslthellinkOshapelbylalconvexlpolyhedronlandithenlcomputeslitslenclosing[l
andlenclosedlellipsoids.[Theldistancelbetweenltwolconvexlpol yhedrallcanlbelestimated]
accuratelyll basedl onl thosel ellipsoidsl [9],0 [10].0 Geometricll relationsl among(l thell
polyhedralandithelmodelinglellipsoidslareldepictedlinlFig.0 1.0Brieflyllspeaking,lourl
approachl usesl thell enclosingll ellipsoidl asll thell initiall valuel forll enclosedl ellipsoidd



computation.l Byll combiningfl thell geometricll informationl ofll polyhedrall andl enclosedl
ellipsoids,i all tightl distancell estimatell betweenl polyhedrall canll bell computedd inl anll
efficientiway.0fTheldetailslaboutltheldistancelcomputationibasedlonlenclosedlellipsoidsl

canlbelfoundlinlithelworkd[9],0[ 10].0
0

ordinarylestimate

realidistance

0
Fig.01.0TheldistancelestimatesibasedlonlenclosedlellipsoidsD

ThelorganizationloflithisIpaperllislasifollows.0Sectiond20describeslthelapproachiforl
thellconstructionloflenclosinglandlenclosedlellipsoidsloficonvexlpolyhedra.l Forwardl
kinematicsl forll articulated] kinematicl chainl is0 introducedl inl Sectionl 3.0 Anl
implementationlexamplelofThowltoIlmodellalPUMAS600robotimanipulatorlwithlalset]
ofllellipsoidslisipresentedliniSection.[Finally,ISectionISconcludesithelpaper.l

I

2.1 ELLIPSOIDICOMPUTATIONIFORILINKIMODELINGI

Forll mostl practicall applicationsl inl roboticsl andl computerll graphics,l complex[
objectsfarelgenerallylrepresentediasialunionloflsimpleiprimitivesd[11].0However,0thel
primitivesishouldireflectlalgoodibalancelbetweenlthelefficiencyloflprimitive-primitivel
intersectionldetectionslandithelnumberflofllprimitivesirequireditoladequatel ylrepresentd
thellobjects.0Forlthelproposeditechnique,lthelellipsoidslarelselectedlaslalbasiclelementd
tolrepresentlobjects.lAnlellipsoidlisicapablelofirepresentinglaliconvexlpolyhedron,Isuchl
asfrobot’sllinks,lin0theldirectionlofllitslaxis.0Besides,lthelmainladvantageloflellipsoidl
modellisOthatlitlisOverylsimplelinmathematicallrepresentation;lthereforelliticanlreducel
thelcomplexitylofllensuingdcomputations.0Anlellipsoidlisirepresentediasi " (y,Y)0in0
thislreport,iwherelnllisltheldimension,hlisfthelcenter,JandIYlislthelcharacteristiclmatrix.0 0

2.10 EnclosinglEllipsoidiComputationl

Lowner-Johnl(L-J)lellipsoid,lthelminimum-volumelenclosinglellipsoidioflialbody,l
islanfintuitivelylappealingmeansftollumpltheldetailedigeometrylintolalsinglelquadraticll



surface.lThelcomputationloflthelL-J0ellipsoidlislalconvexloptimizationlproblemi[8]0
whosellsolutioncanlbelderivedibylapplyinglithelellipsoidlalgorithm0[12].00

2.10 EnclosedlEllipsoidiComputationl

Inlorderltolgeneratelanlenclosedlellipsoidithatifitsitodthelpolyhedron,lal3-phasel
approachlisl proposed.l Ourll approachlroachlisl tol derivel thelenclosedDellipsoidlofllal
convexl polyhedronl byl meansl ofll shrinking,[ stretching,l andl thenl scalingll anl L-JO
ellipsoiditolfitithelpolyhedronlasltightlasipossible.l 0

PhaselllHIsotropicallylshrinkinglalllprincipallaxes0 0

Anlinitiallenclosedlellipsoidlisl givenl byl shrinkingll thell L-J0 ellipsoidd alonglitsl
principall axesl isotropicallyl toll bell containedl inl thel polyhedronl inl phasel 1.0 LetD
£"(y,Y) O bel thel minimumi volumel n-ellipsoidl containingll al convexl polyhedronl in
n-dimensionallspace.0Then,(theflinitiallenclosedlellipsoidlisigiventasl £"(y,(n+1)>Y) 0
formedibylshrinkingl £" (y,Y) 0 fromlitsicenterlbylalfactorlofli(n+ 1 ),0tolguaranteelthatl
thellpolyhedronlcontainsithellinitiallellipsoidd[ 11].0Therefore,lthelellipsoidl £’ (y,16Y)0
isOselecteditolbelthelinitiallguessiforllenclosediellipsoidicomputationlind3-dimensionall
case.0Thelregulationdoflithelshrinkinglfactorlisibasedlonlthelbisectionlmethods.l' Thel
phaselterminatesIwithlaluser-definedlerrorflwhilelthelellipsoidicannotlextendlfurtherl
withoutloverlappinglwithlthelfacetsfoflalpolyhedron.0 0

Phase20-IStretchingll

Thelphasell 10terminatedd whilelthellenclosedlellipsoidlisiverylcloseltolonelofllthel
polyhedron’sl facets;0 however, it stilll hasl somel freell spacell toll enlargell thell enclosedl
ellipsoid.OStretchinglloperationl[ 13 ]lislapplieditolex pandithellenclosedlellipsoidialonglal
givenl directionll inll phasell 2.0 Letll pll bell thell pointll toll adaptll toll andll £° (¢, M) [ bell thell
enclosedlellipsoidl generatedlinl phasell 1.0ThellidealisItolmovelthelellipsoid’sicenterl
towardsl toll thell point,[ i.e.0 p,0 andl then( stretchl thel ellipsoid] alongll thell movementl
directionlsuchlthatlthel old0borderl pointlinl thel oppositeldirectionremainsialborderl
point.[Thereforelthelnewlcenterllisirepresentedlasl

0c'=c+fB(p-c)
wherell 40 determineslhowl farlltol movel thellellipsoid’sl center.l Withl thellnormalizedd

distancellvectorl
a:M”Z(p—c)/HM”Z(p—c)H,I] 00 0 0 0 0 0 0 (Lo

thellnewltransformationimatrixfisfigivenlas(
M"Y =I+(ax-Daa™ M”00 0 0 0 0 0 0 0 0 (20

wherel [l



a=1/(1+|AM" (p-c))) a0

IthisdworthOtolnoticelthatlenlarginglanlellipsoidimeansOthatlitsOtransformationdmatrix[
makesl thell vectorsl shorter,l thereforell o[ islalwayslsmallerllthanl 1.01In0thelstretchingll

operation,Iplislgivenlasl

p=L-(p,—o|p, -0

wherellLlisOtheldistancelfrom0thelfarthestlvertexloflithelpolyhedronltolc,lthelcenterlofl
enclosedlellipsoid,landl p, 0isOthelmassicenterlofllveticesloflithelfarthestlfaceltolc.0Inld

ourl implementation,0 S0 islinitializedd as0 10 and0insidel thel rangel from0 00 to 1.0 Thel
selectionlofll A1 isIbasedlonlthelbisectionimethod.IThelalgorithmiterminatesiwhilelthel
variationlofl A1 islsmallerithan00.005.00

AslimentionedltheloldIborderlipointlindtheloppositeloflithelstretchingldirectionlislstilll
allborderlpointloflithelnewlellipsoid,litlimpliesithatlperhapsitherelisifreelspacelforlthel
ellipsoiditolex pandlinltheloppositelside.lTherefore,lthelstretchingloperationlislapplied]
oncellagainlforllpossiblyllenlarginglithelellipsoid.l InJorderltolholdlthellinterfacelpointl
betweenlthellfacetlofllal polyhedronlandlthelellipsoid,lthelnewlp,l whichIneedsltolbel
adapted@ito,lisligivenlas

Bl

p=L-(c=p)lle=p,
wherell p,islthelinterfacellpoint.l

Phase31HIOnelbylonelenlargingleachiradiusl

Letl £°(c¢’,M")0 bellthelenclosedlellipsoidigeneratedibylmeansloflstretching.0Sincell
thelmatrixl M’0islsymmetriclandipositive-Idefinite,litlcanlbeldiagonalizedlthroughlal
rotationallmatrix0V .[Thelrelationlislexpressediasi[

1DV M’ VO
In0fact,0 matrix0 VOisO thel matrixOofleigenvectorsl ofi matrixl M0 andl matrix0D0is0 thell
canonicall form0 ofl M’0— al diagonall matrix0 withl M’ sl eigenvaluesl onll thell main(
diagonal ISincellthelinversellsquarelirootsloflimatrix] M’ ’sleigenvalueslarelequivalentlitol
thellengthloflprincipallaxeslofithelenclosinglellipsoid,lthelchangelofliellipsoid’sleachl
radiuslcanlbelperformedlindividuallylbylmeansiofimultiplyingimatrixIDOwithlalscalingl
matrix0S,Owhichlislalsoldiagonal .ITherefore,leachlnewlradiusioflithelenclosedlellipsoidd
canlbelwrittenlasl

0D =SD0
andlthelenlargedlenclosedlellipsoidicanibellrepresentediasl
M”=VD'V'l

ByOtheluseloft scalinglloperations,Jthellengthl ofll eachl principall axislofl thelenclosedl
ellipsoidl is0 extendedl individuallyl untill thell enlargementl inducesl thell ellipsoidl toll

I 5



intersectOwithlfacetsloflithelpolyhedron.l

0 Sincell £°(c,M”)0isl generatedl byl stretchingl alongllal specifiedl vectorlland,lthen,[
enlargingll somell axesll ofl £ (c,M) generatedl inll phasell 1,1 thell followingll relationship(l
£*(c,M) c €’(c,M”") alwayslholds.I

3.0FORWARDIKINEMATICSIOFIARTICULATEDIROBOTIMANIPULATORS[

0  AnDarticulatedlrobotlmanipulatoriconsistslofllalseriesloflsegmentsiconnectedibyll
singlelldegreeloflfreedomltranslationallorfirotationalljoints.0Forfleachlsegmentltherelislal
Cartesianl coordinatell systeml andl thell segmentl is0 describedl inl its ownll coordinatell
system.l Denavit-Hartenbergll representationl [14]0 is0 thell mostl popularl methodD tol
describelthelforwardlkinematicsDofimanipulators.0D-HOrepresentationlresultslindal4 x40
homogeneousltransformationImatrixlrepresentingleachllink’slcoordinatelsystemlatlthell
jointd withD respectl tol thell previousl link’s0 coordinatel system.0 Therefore,l throughl
sequentialltransformationdfromdthelbaselandlendleffectorlcoordinatelframes,lthelendD
effectorllexpressedlinithelhandIcoordinatelframelcanibeltransformedlandlexpressedlind
thelbasellcoordinatelframe.l
a
0  InleachID-HOcoordinatelsystemloflirobotljoints,ltheltransformationfisIrepresentedd
byltwolrotationslanditwoltranslations:0
i Tran(0,0,d)Rot(z,0)Tran(a,0,0)Rot(x, ) 0
wherell @ [is0 thel anglel betweenl thell adjacentl links;0 dl is0 thel distancell betweenl thell
adjacentllinks;0 ¢ 0 isltheltwistlangleloflllink;landlallisOthellengthlofllink.0
a a
Everylcoordinatelframellisideterminedlandlestablishedlonlthelbasisloflithreelirules:0
1.0 Thel z, ,0axisllieslalonglthelaxislofimotionfoflithelithfjoint.0
2.0 Thel x,0 axislisinormalltolthel z, , Jandlpointinglawaytit.0
3.0 Thel y,0axislcompletesithelright-handedicoordinatelsystemfasfirequired.l
a
AsliforlthelD-Hlrepresentation,Ithelfourliparameterslareldefinedlaslfollows:0
0.0 isOtheljointlanglelfromithel x, 0 axisltolthel x,0 axislaboutlthel z, 0 axis.0
d, Disltheldistancellfromitheloriginloflithell(i- 1)thlframeltolthelintersectionloflthel z, 0
axisOwithlthell x,0 axisfalongfithel z, 0 axis.0
o, Nisltheloffsetlanglelfromfthel z,_,0axisltolthel z, 0 axis.0
a, [ isltheloffsetldistancellfromfthellintersectionloflithell z,_,0 axisOwithlthel x,0 axisltolthel
originfofiithelithlframeflalonglthel x,0axis. [



Thellfourloperationsiicanlbellex pressedibylalicompositeltransformationdmatrixd "~ A1

forfladjacentlcoordinatelframe,lilandli- 1 .0Thusl

A =Tran(0,0,d,)Rot(z,0,)Tran(a,,0,0)Rot(x, ;)

cosf, —cosa,sinf, sing;sinf,  a,cos0,

sing, cosq,cosf. —sing,cosl, a,sing, |0
0 sin ¢, cos ¢, d,
0 0 0 1

Therefore,Ithelpositionfandlorientationlofljointlilcoordinatelframelwithlrespectltolthel
basellcoordinatelframellcanibelex pressedlas:[

1 °T,="A'A,---~"A 0

4.0 MODELINGIEXAMPLEHPUMAS60IROBOTIMANIPULATORI

0000 AIPUMAD5600robotllisidepictedliniFig.02.0Accordingltolthelprimarylparametersiofl
PUMAS60,0al graphiclmodell ofl PUMAS60,0aslshownlinlFig.03,0is0constructedl andl
usedltoldemonstratelThowltolmodellalmanipulatorlwithlalsetloflellipsoidsiforluselinl
collisionldetectionllinfaldynamiclenvironment.0 [

a

0
Fig.2.[PUMAS5600[21].0
0



Fig.13.0SimulatedlPUM A 5600manipulator.l
0

SincellthellL-J0ellipsoidicomputationlisibasedlonlpolyhedrallmodel,ltherefore,Jalll
thellcurvedOsurfacesloflllinkslarelfirstlapproximatediwithlalunionlofliseverallpolyhedrall
facets.0 Inl ourll implementation,[ thel cylindricall partl ofll links ofl PUMAS5600 is0 first]
approximated0 byll anll octahedronll withl evenll numberf ofll vertices.l Froml Fig.0 4,0 thell
maximallapproximationlerrorlinducedlbylthelpolyhedrallmodelingflisiderivedlasl

D,,. < R(1-sin((n—2)*180/2n)) 00

wherelRIlisOthelradiusfoflithelcirclelandln=8linlourcase.l
1]

(n-2)¥180°2n ¥ |,

a
Fig.M.0Circularfcrossisectionloflalcylinderlandlitslapproximatedln-polygonlimodel.O

a
Althoughlthell volumel ofl approximatedimodellisIsmallerlthanlthelreallcylinder,ditlis0
notedl thatl thel verticesl ofll polyhedronl arell symmetricall ifll nll is even.O Thisl propertyl



guaranteeslthatltheldistancelbetweenltwolsymmetricallverticeslislequalltolthelcrossl
section’sl diameter(] ofll thell cylinder.0 It canll bell deducedl from( thisl propertyl thatl thell
enclosingl ellipsoidl ofll polyhedronlisl guaranteedd toll containl thel originall cylinderl asll
well.l

Besides,lthellink040anddlink050ofIPUMAS5600arellumpeditogetherlheuristicallyllinl
ourlimplementation.IThelreasonlforlthelsimplificationlisithatltolrotateltheljointIS0willl
notlaffectlthellumpedigeometricIshapelofllinkl40andllink5.0Thus,Iforllconveniencelandl
thelsavingloflcomputationltime,lthellumpedlobjectlislapproximatediwithlalboundingll
box.0

ThelpolyhedralimodelloflPUM A 560forflellipsoidicomputationfisishownlindFig.05.0
Based0 onll thell polyhedrall model,l thell enclosingll andl enclosedl ellipsoid] modelsl forll
PUMAS5600areldepictedlinlFig.060andlFig.07 Orespectively.0 [

IttisInoticinglthatlliflthelelementsloflithelcolumnlvectorfithatlrepresentlthelcenterfiofl
anll ellipsoidlisi notl equall tol zero,l it means( thatl therell sl displacementl betweenl thell
ellipsoid’slcenterlandithelmodeledilink ’slorigindoflllocallcoordinate.lFurthermore,lanl
additionall translationl operationlisl neededl tol correctlyll locatell thell ellipsoid’sll center.l
Besides,Irotationloperationslarelalsolrequesteditollocatelthelcentrallcoordinatelofland
ellipsoidl withll correctl orientationl] withl respectl toll thell manipulator’sll configuration.l
Sincel alll thel verticesl ofll eachl linkl arell constructedl withl respectl toll thell link ’s0 localll
coordinate,ltherefore[ithcanlbeldoneleasilylbyldirectlylutilizinglthelforwardlkinematicsl
oflPUMAS560.0tlcanibelrepresentediasialhomogeneouslimatrixas:Q

a0

ase Ri Pt

§ Tz ' Tdisplacement = |: 0 1 :| ’D
I

wherel 7, [ islgivenlinlAppendix[A.1
Therefore Jinlsummary,lthelcorrectlcentrallcoordinate,ldependinglonlthelPUMAS600
configuration,canlbellrewrittenlas:
¢; =P 00

Correspondingly,ithellrightlorientationsiforlenclosinglandienclosedlellipsoidsareligivenl
as:[l

0  M,;=R'M;R Dandl N, = R”'N,R, [irespectively.l

I
Allitheldetailedicomputationslforliconstructinglithellenclosingllandlenclosedlellipsoidslofl]
eachllinkloflPUMA 5600areldescribedlinlAppendixIB.00

a
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Fig.0S.0PolyhedralimodellofflPUMA560.0

\

Fig.06.IPUM A 5600modelediwithL-Jlellipsoids.O

Fig.07.0PUM A 560lmodelediwithlenclosedlellipsoids.[]
10



5.0 CONCLUSIONI

Al systematicl ellipsoidl modelingll techniquell forll thell linksl ofll articulatedd robotl
manipulators,] PUMAS600 inl particular,] is0 proposedl forll usell inl interactivell motionl
planning( inl all graphicall simulationl environmentd orll in0 all teleroboticl simulator.[ In0
comparisonlwithltheltraditionallboundinglvolumellapproacheslthatlonlylthelenvelopingl
ellipsoidsl orfl spheresl forll convexl polyhedral modelingll arell utilizedl forll conservativel
distancelestimate,Ithelproposeditechniquelmakesfuselofladditionallinteriorlandlexterionl
representationsltolprovidelmorelaccuratelestimatelaboutlthelminimalldistancelanddtol
reducell thell numberfl ofll inaccuratell detectionsl ofll collisionsl forll roboticl applications.[
Moreover,ldueltoltheluseloflellipsoidimodelsitolsimplifylthelrepresentationcomplexityll
ofl convexl polyhedra,l thell computationall complexityl forl minimuml distancel
computationlandlcollisionldetectionlislalsolsignificantlylreduced,laslcomparedIwithl
thellpolyhedrallmodels.O

I 11



APPENDIXA.IForwardlKinematicslofIPUMA 5600

I
Joint1
‘ .
Joint2
/ i Joint4,6
a, ‘;3
2 A d,
<
Yok
)y/ 01
Vi
b=660.4mm
Z
>
* 0
I
0
PUM Allrobotlarmllinklcoordinatellparametersl
Jointlil a0 all d,l Jointlrangell
10 -900 oo oo -1600to01600
20 oo 431.8mml 149.09mm0 -2250toM 50
30 900 -20.32mml oo -450tol2250
40 -900 oo 433.07mml -1100to01 700
50 900 oo oo -1000to01000
6l oo oo 56.25mml -2660to1266[0

1

Fig.[A 1.0ThelllinklcoordinatelsystemsforlPUMA5600robotl[ 14,015].0
a

Asll shownl inll Fig.l A1,0 thel homogeneousl transformationl] matrixl ofl D-HI
representationliforleachllinklofIPUMA5600areligivenlaslifollows:[
a




1 000 ¢c, 0 -5 0 C, -S, 0 a,C,
ey _ 010 ODOA1= s, 0 ¢ OD ', = S, C, 0 a8, 0
001 b 0 -1 0 b 0 0 1 d,
0001 0 0 0 1 0 0 0 1
(c, 0 S, aC, c, 0 -S, 0 C, 0 S 0
24, < S, 0 -C, a,S, 0, < s, 0 C, © DA, S, 0 —C, o[I
0 1 0 0 -1 0 d, 01 0 0
|00 0 1 0 0 0 1 0 0 0 1
(c, -S, 0 0
5A6=S6 C, 0 0 1
0 0 1 d,
|0 0 0 1
0

GivenlthellaboveltransformationImatrix,lthellocalljointicoordinatelsystemwithlrespectl
tolthelbaselforleachllinklcanbelcomputelias:0

n, 0, a, P, 1 000
T0=b”“AO= n, o, a, p,| [0 10 OD
n, o, a, p, 001 5»
0 1 0 0 01
n, o0, a, P, ¢, 0 =-S5 0
T1=BuseA00A1= ny Oy ay Py _ Sl O Cl O I:I
n, o, a, p, 0O -1 0 b
0O 0 0 1 0 0 0 1

ny 0y a4y Py GG, -GS, -8 a,C\C,—d,S,
T2=BuseA00AllA2= ny 0y ay Py|_ $1C, =518, G ay$5,C,+d,C
n, o, a, p, -5, -G, 0 —a,S, +b
0O 0 0 1 0 0 0 1
Ny Oy Ay Py CiCy =8 CSy Ci(ayCy +a3Cp3) —d,S,
) n, o, a S,C C S8 S,(a,C, +a;Cy)+d,C
T3=BuseA00AllA22A3= y Oy Gy Py|_|"1t2 1 1923 1(a,C, +a3Cy3) +d,C
n, o, a, p, -5, -G, 0 —ayS, —azS,;; +b
0O 0 0 1 0 0 0 1
n.’C 0.’6 a.’C p.‘C
) n, o, a,
T, =54 04,'4,24,%4, =| "7 7 D Py
nZ OZ aZ pZ
0O 0 O 1

CiCiCy =518y —C1Sy =850 =CiCySy CiayCy +a3Cy; +dySy;) = d) S,
_[SICsC+ Gy =818y GG = 810538, §1(axC) +a3C03 +dySp3) +dy Gy
—CyS; —Cy S2384 = a8y —a3Sy; +b+d,Coy
0 0 0 1

I 13



=

o
o
=

; n o a
TS=Ba.\eA00A11A22A33A44A5= y y y py D
nZ OZ a pZ
0O 0 0 1

n, =C(C3C,Cs = 8555)-5,5,C5
n, =8,(CC,Cs = 85385)+C,S,Cs
n, ==5;C,Cs5 = CyS;s
0,=-8C,~C (S,
0,=CC,-8C;S,

0, =88,

a, =C(CuC,S;5 +55C5) = 85,5,5;5
a, =8,(C,;,C,S5 +85,,C5) +C,S,Ss
a, ==8,,C,S85 +C,,C;

p. =C(Chay +Cpas +Syd,) - S\d,
p,= S,(Cya, +Cpa; +8S,,d,)+Cd,
p, =—8,a,—S8ya;,+Cpd, +b

N
Q
S

=

-

X X X

S
Q
S
=

T6=BaseA00Al1A22A33A44A55A6= y y y

o =
o 0
o 8
_

n, = C(Cy(CC5C = 8,8,) = 5355C6) = §,(5,C5C6 +C,S5)

n, =8,(Cpy(C,CsCs = 8,86) = $1,85Cs) + C,(S,C5Cq +C,S¢)

n, ==5;(C,CC = 8,8,) = Cy385C

0, = =C(C5(C,Cs8c +8,C4) = 53555) +5,(5,C586 = C,Cy)

0, ==8,(C,(C,CsSs +S,C¢)— §,,8585) — C,(S,CsSs — C,Cy)

0. = 8,,(C,CiS¢ +5,C¢) +C,yS,S,

a, =C(CxC,S;5 +55C5) = 8,5,5;

a, =8,(C,C,Ss +8,C5) +C,8,S;

a, = —8,,C,S5 +CyyCs

P, =C(Ci(C,Ssdy +ay)+S,,(Csdy +d,)+Cray) —S,(S,Ssdg +d,)
P, =8,(Cy5(C,Ssdy +ay)+S,,(Csdg +d,)+Cray) + C (S,Ssdg +d,)
p, =—8,3(C,Ssdg +ay)+Cyy(Cidg +d,)—S,a, +b

APPENDIXIB.I1 EllipsoidiModelingforlLinksloflPUMA 5600
Thisl appendix0 describesl thell detailedl calculationsl inl link-by-linkl modeling{l ofl
PUMAS5600 withD thell enclosingll andl enclosedl ellipsoids.0 In0 thel following v,, f,0

denotellthellvertexlandlfacelofllpolyhedron,lrespectively.0Thelunitlofllengthlislmm.0AIID
computationsfarelperformedibylMatlab.l



Basell
Basellislalcylinder.0tlisIfirstlapproximatedibylalpolyhedron.IThelsetloflivertices,lwhichl
arelwithlrespectlitolthellocallframe,Jandlthelfacetslofltheloctagonlarelgivenlas:Q

a

v, 80.0000  0.0000 0.0000]

v, 56.5685  56.5685 0.0000

Vs 0.00000  80.0000 0.0000|  _ i
v, | |-56.5685  56.5685 0.0000| | /1 ievs Vi Ve Vs Ve V3
Vs —-8.0000  0.0000 0.0000| | /2 i V2o Vo V9

ve | |-55.5685 —56.5685 0.0000 |f3 | [V Yo Vig Vs

vy 0.0000 —80.0000 00000 | fa| [v2 Vi Vi Vi

vg |_| 565685 -56.5685 0.0000 | Ts|_|vs va v Vi -
Vo 80.0000  0.0000 -660.4000| | fo | |V4 Vs Vi3 Vi

Vio 56.5685  56.5685 —660.4000| | f7| |Vs Ve Via Vi3

Vi 0.0000  80.0000 —660.4000| | fs | |ve V7 Vis Vi

vip | | =56.5685  56.5685 —660.4000| | fo | |v; Vs Vig Vis

viz | |—80.0000  0.0000 —660.4000 |fio| Vo Vio Vi1 Vi2 Viz Via Vis Vie
Vi | [ =56.5685 —56.5685 —660.4000

Vis 0.0000 —80.0000 —660.4000

|vig | | 56.5685 —56.5685 —660.4000 |

a0
Accordingfitolthelaboveldata,lthelcenterlicoordinatelandithellcharacteristiclmatrixloflithel
L-JCellipsoidiforibaselarelcomputedlas:Q

0
00014 0.0001034 0.0000000 0.0000000
C) pase=| 001830 M, =|0.0000000 0.0001034 0.0000000|.0
~3302026 0.0000000  0.0000000 0.0000031

a
Byl usingll thell L-JO ellipsoidD asl thel initiall value,i thell centerll coordinatell andl thel
characteristiclmatrixfoflthellenclosedlellipsoidiofibaselarelcomputedas:i

0
00124 0.0001831 —0.0000211 0.0000000
G opase=| 05420 N, =|-00000211 0.0003025 0.0000000].0
~3299760) 0.0000000  0.0000000 0.0000092
0

ThellresultsfarelshownllinFig.0B1.0



Link{10

a

-200

-400

-600

-800

-1000
-100

L-J Ellipsoid

400

200

Y

I

-100

-200

-300

-400

-500

-600

Enclosed Ellipsoid

X

Fig.IB1.Thellenclosinglandlenclosedlellipsoidsloflbase.l

a

Link 1fisfalsolthelcylindricallpartloflPUMAS560,lthereforelithelsamelmeansliforlL-J0
ellipsoidicomputationloffIPUMA560’s0baselislapplied.0 Thelsetloflvertices,dwhichlarell

withlrespectlitolthellocallframe,Jandlthelfacetsiconstructeditheloctagonlareligivenlas:

a

a

V1
V2
V3
V4
Vs
Ve
V7
Vg
Vo
V10
Vi1
V12
V13
Via
Vis

V16

80.00000
56.5685
0.0000
-56.5685
—80.0000
—56.5685
0.0000
56.5685
80.0000
56.5685
0.0000
—56.5685
-80.0000
-56.5685
0.0000
56.5685

0.0000
56.5685
80.0000
56.5685

0.0000

—56.5685
—80.0000
—-56.5685

0.0000
56.5685
80.0000
56.5685

0.0000

—-56.5685
—80.0000
—56.5685

—100.0000 |
—100.0000
—100.0000
—100.0000
—100.0000
—100.0000
—100.0000
—100.0000
192.0900
192.0900
192.0900
192.0900
192.0900
192.0900
192.0900

192.0900 |

o

fa
3
Ja
fs
fe
f7
T3
fo

L 10

Vi
V1
Va
V3
Vq
Vs
Ve
V7

Vo

Vs
Vo
Vg

V10

Vi2
Vi3
Via
Vis

Vi6

V4
V2
)
V3
V4
Vs
Ve
V7
Vg

V14

Vs

V13

Ve

V12

Y11

Vg

Vio0 |

Accordingfitolthelaboveldata,lthelcenterlicoordinatelandlthellcharacteristiclmatrixloflithel
L-JCellipsoid,ithelenclosinglellipsoid,iforlPUMAS560’slink01lareflcomputedlas:Q
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0.0015 0.0001039 —0.0000001 0.0000000
Co i1 =| 0.0057 (0 My, =|-0.0000001  0.0001039 0.0000000 .0
46.0371 0.0000000  0.0000000 0.0000157
Byl usingll thell L-JO ellipsoidD asl thel initiall value,d thell centerll coordinatell andl thell
characteristiclmatrixUoflithelenclosedlellipsoidiarelcomputedias:Q

0.0153 0.0003107  0.0000000  0.0000000
Ci i =|—0.0667 |0 Ny =|0.0000000  0.0003101 —0.0000001 | .0
45.9585 0.0000000 —0.0000001  0.0000469

Thell geometricall relationl ofll link 1,0 enclosingll ellipsoid,l andl enclosedl ellipsoidl arell
shownllinlFig.0B2.0
a

L-J Ellipsoid Enclosed Ellipsoid

300

200 150

100 100

-100
-50

-200

-100

-300

~100 100 -50

50

100 -100 v y
x 0 O g
Fig.OB2.0ThellenclosinglandlenclosedlellipsoidsiofllinkD1.00

Link20

0  ThelgeometricOshapelofl PUMAS560’s0link020is0morelcomplexdwithlcomparisonl
withObaselandOlinkD 1.0Theltwolextremallendslofllinkd20arelcylindricallindshape.0 Byl
applyinglthelpreviousimethodiuseditolmodellalcylinder,leachbofltheltwolcurvediendsLisl
firstDapproximatediwithlaluniondofifourllplanarifacets.0 Thelsetlofllvertices,0lwhichlarell
withlrespectlitolthellocallframe,landlthelfacetsiconstructedithelpolyhedronlareligivenlas:[



fl 0
fiu
fi2
fia
Lf1a]

a

Accordingfitolthelaboveldata,Ithelcentericoordinatelandlthellcharacteristiclmatrixloflithel

[ - 559 .8000
—359.8000
12.0000
12.0000
— 359 .8000
—559.8000
-610.7117
— 631 .8000
-610.7117
47.3553
62.0000
47.3553
—559.8000
—359.8000
12.0000
12.0000
—359.8000
—559.8000
-610.7117
— 631.0000
- 610.7117
47.3553
62.0000
47.3553

Vi V2 V3V

Vil Viz Ve V2

Vi V9 Vo1 Vi3

Voo Vig Vis V3

V3 V15 Vg Vi

Va Vie i1 Vs

Va Vio V22 Vie

Vs Vi1 Vig Ve

Vo Vig Vi9 V7

Vi Vig Voo W8

Vg Voo Va1 Vg

Vio Vi1 V23 Va2

Vit iz V4 Va3

iz Va1 V2o Vio

— 144 .0000
—144.0000
—75.0000
75.0000
144 .0000
144 .0000
101 .8234
0.0000
—-101.8234
53.0330
0.0000
—-53.0330
—144.0000
— 144 .0000
—75.0000
75.0000
144 .0000
144 .0000
101 .8234
0.0000
—101.8234
53.0330
0.0000
—-53.0330

Vit Vio V4

43.0000 |
43.0000
43.0000
43.0000
43.0000
43.0000
43.0000
43.0000
43.0000
43.0000
43.0000
43.0000
153.0000
153.0000
153.0000
153.0000
153.0000
153.0000
153.0000
153.0000
153
153
153
153

.0000
.0000
.0000

Vs V6 V7 W

.0000 |00

Vg

Vis 17 Vie Va2 V23 Va4 Vis V4

L-JellipsoidiofllinkM20arelcomputedias:I
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—345.4332 0.0000040 0.0000000 0.0000000
Co ima=| 001200 My, =[0.0000000 0.0000239 0.0000000 |,0
97.9918 0.0000000 0.0000000 0.0001122

BylusinglithelL-JOellipsoidlasithellinitiallvalue,lthelcenterlandithelcharacteristiclmatrixll
oflithellenclosedlellipsoidlarelcomputedlas:[

~333.0522 0.0000120 —0.0000006 0.0000024
¢ imo=|  1.3983[0 Ny, =[-0.0000006 0.0000772 0.0000016|.0
96.5187 0.0000024  0.0000016 0.0003497

ThelresultslarelshownllindFig.0B3.0
a

L-J Ellipscad Enclosed Elipsoid

Fig.IB3.0Thelenclosinglandienclosedlellipsoidsloflllink2.00
a

Link{30

ThelshapeloflPUMAS60’s0link30is0similarlitollink020exceptlthatlitlonlylhaslonel
curvedisurface.lAslbefore,lthellcylindricallsurfacellistapproximatediwithlalunionfoflifourl
smalllfacets.0Thelsetlofllvertices,Iwhichlarel withlrespectltolthellocallframe,landdthel
facetslconstructedlthelpolyhedronlarelgivenlas:Q

v | [ 850000 -43.0000 —80.0000]
v, 43.0000 —43.0000  357.0700
vy | |-43.0000 —43.0000 357.0700 CAT v o vs ve ve vy vy vy |
vy | | —85.0000 —43.0000 —80.0000 fol 1va vi vig Vo
Vs 60.1041 —43.0000 —110.0520 il v v v vio
Ve 0.0000 —43.0000 —122.5000 ol tve v vy vy
vy || —60.1041 -43.0000 -110.0520| Fl=lvs v v v 0
Vg 85.0000  43.0000 —80.0000 Fol e vs v v
Vo 43.0000  43.0000  357.0700
/7 Vs Vi Vg Vn2
vio | |—43.0000  43.0000 357.0700
I3 Vg Vo Vo V)
vii | | —85.0000  43.0000 —80.0000 f b e e
Vis 60.1041  43.0000 —110.0520 SO LT T e T e e TR
Vis 0.0000  43.0000 —122.5000
|vis| [—60.1041  43.0000 -110.0520




Accordingfitolthelaboveldata,lthelcenterlicoordinatelandithellcharacteristiclmatrixoflithel
L-JCellipsoid,ithelenclosinglellipsoid,fforfllink3islcomputedias:I

0.0194 0.0000676 —0.0000001 0.0000000
Co w3 =|—0.0301 |0 M,,;=[-00000001 0.0001798 0.0000000 |.0
87.1451 0.0000000  0.0000000 0.0000079

Byl usingll thell L-JO ellipsoidD asl thel initiall value,d thell centerll coordinatell andl thell
characteristiclmatrixUoflithelenclosedlellipsoidiarelcomputedias:Q

~0.0173 0.0002275 —0.0000002 —0.0000001
Ci s =| = 0.0660 |0 Ny s =| —0.0000002  0.0005425  0.0000001 |.0
87.6122 ~0.0000001  0.0000001  0.0000264

ThelresultsfarelshownllindFig.0B4.0

0
L-J Ellipsoid Enclosed Ellipsoid
500
400
300
200 4
., 00 N :f:'#
0 i
i
-100 B
I
-200
-300
-200
-100
0 100
100 0
200 100
. Yoo 0
I
Fig.IB4.0Thellenclosinglandlenclosedlellipsoidsiofllink3.00
I
I
LinkMlandLink050

0  Inlourlimplementation,ithellinkl40andllink050ofTPUMAS5600arellumpeditogether.l
ThislisldueltolthatlthelrotationlofiitheljointlSIwillinotlaffectithelgeometriclshape.lForl
conveniencellandithelsavinglofiicomputationltime,lthellumpedilinkslarelapproximated]
byllalboundingllbox.[Thelsetloflvertices,lwhichlarelwithlrespectltolthellocaliframe,landl
thellfacetsfoflithelboundinglboxlarellgivenlas:[



[v, ] [ 43.0000 43.0000 -40.0000]

v, 43.0000 —43.0000 —40.0000 CAT vy ove vy vy
vy | | —43.0000 —43.0000 —40.0000 ol |vi v ve vs
va|_| 430000 43.0000 -40.0000| frl_|vovs v g
Vs 43,0000  43.0000  76.0000 fal vy vy vy g
Ve 43.0000 —43.0000  76.0000 fs| vy va vy vy
v, | | —43.0000 -43.0000 76.0000 L fo] |vs ve vio ovg]
|vg | |—43.0000 43.0000  76.0000 |

Accordingfitolthelaboveldata,lthelcenterlicoordinatelandlthellcharacteristiclmatrixoflithel
L-Jellipsoidiofllumpedlinki4anddlinkIStarelcomputedias:0

0.0012 0.0001812 0.0000000 0.0000000
Cy timas =| —0.0001 |0 M5 =|0.0000000 0.0001793 0.0000000 |.0
17.9993 0.0000000  0.0000000 0.0000091

Byl usingll thell L-JO ellipsoidD asl thel initiall value,d thell centerll coordinatell andl thell
characteristiclmatrixUoflithelenclosedlellipsoidiarelcomputedias:Q

—~0.8405 0.0005655 0.0000000 0.0000000
Ci timas =| —0.0001{0 Njas =10.0000000 0.0005409 0.0000000 | .0
17.9993 0.0000000 0.0000000 0.0003129

ThelresultsfarelshownllindFig.0B5.0
a

L-J Ellipsoid Enclosed Ellipsoid

-100

100 -100 y

Fig.IBS5.0Thellenclosinglandienclosedlellipsoidslofllumpeddlink4landllink5.0 0
a

Link{60

0  LinkI6JofflPUMAS5600consistsloflitwolcylindersithatlhaveldifferentiradii.0Inforderd
toll reducell thell modelingll complexityl andl timell consuming, thell cylinderl withl smalll
radiusllislenvelopedibylthellargeloneltolre-constructlalsinglelcylinder.0Then,lthelsamell
approachluseditolmodellthelbaselandithellinkl1lislappliedlagain.O

Thel setl ofll vertices,] whichl arell withll respectl toll thell locall frame,l andl thell facetsl
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constructedlthelpolyhedronlarelgivenlas:Q

vi 1 [ 250000  0.0000 -16.2500]
Vs 17.6777  17.6777 -162500| i
Vs 0.0000 250000 —162500| |[Jfi| [m w2 vz V4 Vs Ve V7 g
vy | | =17.6777  17.6777 162500 || |v vo Vg W
vs | |=250000 00000 —16.2500| | £ | |v, v we v
ve | |-17.6777 —17.6777 =162500| | £ | |V, vy v, vs
v 0.0000 —25.0000 —16.2500
/s Vi Vi1 Vi2 W
v |_| 176777 -176777 -162500| 17w v v ]
vo | | 250000  0.0000  0.0000 o B R
Vio 176777 176777 00000| | 7| [¥5 M3 Ve Vs
Vi 0.0000  25.0000  0.0000 Js| Ve via Vs
vio | | =17.6777 176777 0.0000| |JSo | |V7 Vis Vie W
vis | [=25.0000  0.0000  0.0000| |fio] [V Vie Vis Via Vi3 Vi2 Vi1 Vio
vig | | =17.6777 -17.6777  0.0000
Vis 0.0000 —25.0000  0.0000
lvig| | 17.6777 -17.6777  0.0000

Accordingfitolthelaboveldata,lthelcenterlicoordinatelandithellcharacteristiclmatrixoflithel
L-Jtellipsoidiofllink6larelcomputedias:

0.0063 0.0011 0.0000 0.0000
Co i =| —0.0004 |0 M6 =|0.0000 0.0011 0.0000 |0
~8.1252 0.0000  0.0000 0.0050

Byl usingll thell L-JO ellipsoidD asl thel initiall value,d thell centerll coordinatell andD thell
characteristiclmatrixUoflithelenclosedlellipsoidiarelcomputedias:Q

~0.6056 0.0026 0.0007 —0.0002
¢ e =| 0.4153|0 Nyue=| 00007 00031  0.0001|.
~8.3033 ~0.0002 0.0001  0.0159

ThelresultsfarelshownllindFig.0B6.0
a

L-J Ellipsoid Enclosed Ellipsoid

20

40 -40 Y X

Fig.IB6.0Thelenclosinglandienclosedlellipsoidsloflllink6.0 0
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